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Introduction

Chern classes were first introduced by Shiing-Shen CHERN in 1946 with his
work about Characteristic Classes of Hermitian Manifolds [2]. They are char-
acteristic classes associated to complex vector bundles which allow to classify
them. If two vector bundles do not have the same Chern classes, then they
are different. However, the converse is not true. The aim of this paper is to
introduce Chern classes and to show how one computes with this tool. Most
applications will be done on the complex projective space of dimension n.
Some knowledge in homological algebra and in category theory is of help in
order to fully understand this paper. In the appendix the reader may find
some essential backgrounds on category theory. The thesis is structured as
follows.

The first chapter is a preliminary one which should allow the reader to fa-
miliarize himself with the notion of cohomology ring H*(X) = H*(X,Z)
associated to a topological space X. This is needed in order to introduce
Chern classes. In particular we consider the simplicial homology theory and
comment on the computations of the cohomology ring of CP".

The second chapter is the main body of this paper and it is entirely devoted
to Chern classes and some related concepts such as the Chern character or
the Todd class. Two indispensable results around this subject are the Leray-
Hirsch Theorem and the splitting principle. The chapter contains some nice
computations and especially a useful recursive formula generating each term
of the Chern character. It turns out that they are nothing else than New-
ton’s identities. We will also express the Chern character and the Todd class
of a given complex vector bundle in terms of its different Chern classes. Fi-
nally, we will end this paper by giving some appropriate applications to the
n-dimensional complex projective space.

I take this opportunity to express gratitude to my thesis supervisor Dr.
Oleksandr IENA for giving me the chance to work on this subject and I would
like to thank him also very much for his precious collaboration and time he
invested in this project.
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Chapter 1

Preliminaries

The aim of this chapter is to introduce for a topological space X the so called
cohomology ring H*(X) = H*(X,Z). For this we will proceed as follows:
In a first step we will try to understand the nature of H*(X) as an abelian
group where it is just the direct sum of all cohomology groups

H*(X) =P H(X,2).

Before, we will familiarize ourselves with homology and homology groups in
order to give a meaning to cohomology groups. In this paper we will use the
approach that one can define cohomology groups on the basis of homology
groups. In fact, the Hom functor allows us to switch from homology groups
to cohomology groups. Below the reader will find some details of this ap-
proach.

Once we have understood H*(X) as an abelian group, a construction called
the cup product provides the multiplication in H*(X), which respects the
grading and turns H*(X) into a so-called graded-commutative ring.

1.1 Homology

We will work here over the category of abelian groups and consider homology
groups with coefficients in Z.

Definition 1.1.1 (Chain complex). A sequence

671 n
"'_>Cn+l _il_)c’n6_>0n71_>
of abelian groups C,,, n € Z, connected by homomorphisms
On : Cp — C,_1 such that the composition of any two consecutive maps is
zero (i.e. 0y 00,41 = 0 for all n) is called a chain complex. We will denote
such a sequence by (Ce, ds).
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Definition 1.1.2. The elements of C, are the chains (resp. the chains
of degree n), the elements of Ker 6, C C), are the cycles, and those of
Im 6,41 C C, are referred to as boundaries. The operator ¢ is said to be
a boundary operator or a homology operator.

This vocabulary originates from topological context. The Example of ho-
mology theory given in the next section will help to see the link with this
terminology.

Remark 1.1.3. The map 4, : C), — C,,—1 decreases the chain degree by 1.
We then say that 0 has degree -1.

The condition 4, 04,41 = 0, for all n, means exactly that Im §,+1 C Ker §,,
so that the quotient space Ker d,,/Im 0,41 makes sense.

Definition 1.1.4. We call the quotient group

H(C,Z) = KerOnq 5

the n-th homology group of the chain complex (C,, dq). The direct sum
H.(C,Z) :== P Ha(C.,0)
n

is referred to as the homology group of (Cl,d).

Definition 1.1.5. A sequence such that Ker §,, = Im §,11, at any spot n,
i.e. a sequence whose n-th homology group H,(C,Z) vanishes at each spot
n, is referred to as an exact sequence.

In the following subsection we will introduce an example of a homology
theory called simplicial homology.

1.1.1 Simplicial Homology

One of the most important homology theories in algebraic topology is called
singular homology. Since the technical apparatus of singular homology is
somewhat complicated and since we only want to give an exemplification of
a homology theory, we will introduce a more primitive version called sim-
plicial homology in order to see how some of the apparatus works in a
simpler setting. The reader who is interested in singular homology can have
a look at [7].

The natural domain of definition for simplicial homology is a class of spaces
we call A-complexes, which we will introduce right now.

The torus, the projective plane, and the Klein bottle can each be obtained
from a square by identifying opposite edges in the way indicated by the
arrows in the following figures:
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Cutting a square along a diagonal produces two triangles, so each of these
surfaces can also be built from two triangles by identifying their edges in pair.
In similar fashion a polygon with any number of sides can
be cut along diagonals into triangles, so in fact all closed
surfaces can be constructed from triangles by identifying h f
edges. Thus we have a single building block, the triangle, g
from which all surfaces can be constructed. Using only tri- ) g
angles we could also construct a large class of 2-dimensional ‘
spaces that are not surfaces in the strict sense, by allowing
more than two edges to be identified together at a time.

The idea of a A-complex is to generalize constructions like these to any
number of dimensions.

Definition 1.1.6 (n-simplex). The n-dimensional analog of the triangle is
the n-simplex. This is the convex hull in a Euclidean space R™ (m > n)
of a fixed tuple of n + 1 points vy, ..., v, that do not lie in a hyperplane of
dimension less than n, where by a hyperplane we mean the set of solutions
of a system of linear equations. An equivalent condition would be that the
difference vectors v; — vg, ..., v, — vg are linearly independent. The points
v; are the vertices of the simplex, and the simplex itself is denoted by
[Uo, ey Un].

. —_—————————
Vo Vo

U1
U3
V2 A\

Vo Vg

Yo U1 V1

Examples for n-simplices, n =0,1,2,3
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Example 1.1.7 (The standard n-simplex). The standard n-simplex
whose vertices are the unit vectors along the coordinate axes is given by the
equation

An = {(to,. .. tn) ER"™ [ Y. t; =1and t; > Ofor all i} .

V2

v

The standard 2-simplex

Remark 1.1.8. For purposes of homology it will be important to keep track
of the order of the vertices of a simplex, so ‘n-simplex’ will really mean
‘n-simplex with an ordering of its vertices’. A consequence of ordering the
vertices of a simplex [vg, ..., v,] is that this determines orientations of the
edges [v;,v;] according to increasing subscripts, as one can see in the two
figures given previously.

Definition 1.1.9.

e If we delete one of the n + 1 vertices of an n-simplex [vo, ..., v,], then
the remaining n vertices span an (n — 1)-simplex, called a face of
[vo, . .., vp]. Moreover, considering the ordering we will adopt the fol-
lowing convention:

The vertices of a face, or of any subsimplex spanned by a subset of the
vertices, will always be ordered according to their order in the larger
simplex.

e The union of all the faces of A, is the boundary of A,,, written 0A,,.
The open simplex A, is A,, —0A,, the interior of A,,. By convention
we set that Ag := Ay.

We are now ready to give the general definition of a A-complex structure
on a topological space X:

Definition 1.1.10 (A-complex). A A-complex structure on a topological
space X is a collection of maps o, : A, = X called characteristic maps, with
n depending on the index « such that:

i) The restriction Ua‘An is injective, and each point of X is in the image
of exactly one such restriction oq |3 .
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ii) Each restriction of o, to a face of A, is one of the maps og : A,—1 —
X. Here we are identifying the face of A,, with A, _1 by the canonical
linear homeomorphism between them that preserves the ordering of
the vertices.

iii) A set A C X is open iff o, 1(A) is open in A, for each o,.

Remark 1.1.11. Traditionally, simplicial homology is defined for simplicial
complexes, which are the A-complexes whose simplices are uniquely deter-
mined by their vertices. This results in saying that each n-simplex has n+1
distinct vertices, and that no other n-simplex has this same set of vertices.
Thus a simplicial complex can be described combinatorially as a set Xy of
vertices together with sets X, of n-simplices, which are (n+ 1)-element sub-
sets of X¢. The only requirement is that each (k 4 1)-element subset of the
vertices of an n-simplex in X, is a k-simplex, in X..

In other words we can say that A-complexes are a mild generalization of this
more classical notion of a simplicial complex.

Our goal is now to define the simplicial homology groups of a A-complex
X. As we have seen in the preceding section this means that we need to
construct a chain complex, i.e. we need to define abelian groups which are
connected by a boundary operator.

Let A, (X) be the free abelian group with basis the open n-simplices of X

which we denote by €. Elements of A,,(X), called n-chains, can be written
as finite formal sums ) nqel with coefficients n, € Z. Equivalently, we
could write ) nqooq where o4 @ A,, — X is the characteristic map of e},
with image the closure of ef,. Such a sum ) n.0, can be thought of as
a finite collection, or ‘chain’, of n-simplices in X with integer multiplicities,
the coeflicients n,,.
As one can see in the figure below, the boundary of the n-simplex [vg, . . ., vy]
consists of the various (n—1)-dimensional simplices [vy, ..., ¥;, ..., v,], where
the “hat” symbol over v; indicates that this vertex is deleted from the se-
quence vq,...,Uy. In terms of chains, we might then wish to say that the
boundary of [vg,...,v,] (i.e. here we mean the image of the boundary op-
erator 6, : Ap(X) — Ap—1(X)) is the (n — 1)-chain formed by the sum
of the faces [vg,...,0;,...,v,]. However, in order to fulfil the condition
Op © Opt1 = 0, for all n, it turns out that we need to insert certain signs
and instead let the boundary of [vg,...,v,] be > .(=1) [vo, ..., 0iy ..., vn).
Heuristically, the signs are inserted to take orientations into account, so that
all the faces of a simplex are coherently oriented, as indicated in the follow-
ing picture: (Notice for instance that for the 2-simplex the arrow of the edge
[vo, v2] needs to be inverted, therefore we add a minus sign in front of it.)
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= +
Vo U1 6lvo, v1] = [v1] — [vg]
V2
S[vg, v1, V2] = [v1, va] — [0, V2] + [vo, V1]
Vo U1
U3
, d[vo, v1, V2, V3] = [V1, Va, V3] — [V0, V2, V3]
9
+[vo, v1, v3] — [vo, v1, V2]
Vo v
1

With this geometry in mind we define for a general A-complex X a
boundary operator 0, : A, (X) — A,_1(X) by specifying its values on
basis elements:

on(0a) = Z(_l)zaa‘[vQ,A..,ﬁi,..A,vn]'
7

Note that the right hand side of this equation does indeed lie in A,,_1(X)
since each restriction oa/[y,...s;,....v,] 15 the characteristic map of an (n — 1)-
simplex of X.

Example 1.1.12. The composition d;d2[vg, v1,ve] gives 0.
Indeed,

d102[vo, v1,v2] = 1([v1, v2] — [vo, V2] + [vo,v1])
= [va] — [v1] = [va] + [vo] + [v1] — [vo]
= 0.

The Example before works for any natural number n so that the homo-
morphism § really defines a boundary homomorphism. In fact we have
the following Lemma:

On—
Lemma 1.1.13. The composition A, (X) LN Ap_1(X) Rl

ZETO.

An_Q(X) 18

Proof. We have d0,(0) = >,(=1)o]y, , and hence

0ye--s v”i,...,vn}
5n—15n(0) = Z(_l)i(_l)jo—’[UO,...,zfj,...711},...,1)71}
j<i

+ Z(_l)i(_1)j_1a|[UOr--vUAia---v'UAj7---7'071}'

7>t
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The latter two summations cancel since after switching ¢ and j in the second
sum, it becomes the negative of the first. O

All this shows that we just constructed a chain complex (Ce, do) (Where
Cpn = Ap(X)) of free abelian groups generated over a topological space X.
Hence, we can consider its n-th homology group H2(X,Z) := H,(C,Z) =
Ker 6,,/Im 6,41 which is called the n-th simplicial homology group of
X. Note that we have not got any n-simplex for n being a negative integer.
Hence, we have to extend the sequence by 0 at the right end, with §y = 0,
i.e.

o A (X) 2 ALX) 2 A (X)) = ALX) B Ag(X) 2 0.

Remark 1.1.14. When we work with free abelian groups generated over a
topological space X as it is the case in this section for the chains A, (X),
we will adopt the notation H, (X, Z) for the n-th homology group (resp.
H.(X):= &, Hn(X,Z) for the homology group).

Example 1.1.15. X = S' with one vertex v and one edge e. Then Ay(S?!)
and A;(S!) are both Z and the boundary map §; is ¢

zero since de = v — v. The groups A, (S!) are 0 for

n > 2 since there are no simplices in these dimensions.

Hence, v

Z forn=0,1

Aol N
H”(S’Z)_{O forn > 2.

This is an illustration of the general fact that if the boundary maps in
a chain complex are all zero, then the homology groups of the complex are
isomorphic to the chain groups themselves.

Example 1.1.16. X = S!, with two vertices vg,v; and two U1
edges ep,e1. Then Ag(S') and Aq(S!) are both Z? and the ¢, r€o
groups A, (S!) are 0 for n > 2 since there are no simplices in
these dimensions.

Hence, the chain complex 0 — Ag(S?) LN A1(SY) — 0 is isomorphic

1.)()

6/
to the chain complex 0 — Z? - Z? — 0 where the identification via the
isomorphism is given as follows:

= (1)=(2)

and we use a similar identification with Z2 for the edges eg,e;. In the chain
complex involving tuples of integers, the map 0} is a linear map which means



CHAPTER 1. PRELIMINARIES 8

that it can be represented by a matrix. This matrix is entirely defined by
the values the map ¢ takes on the basis vectors. We have:

d1(eg) = v1 —wo, 61(e1) = vy — v1.

Using the identification via the corresponding isomorphism this yields the

column vectors
-1 1
1 ’ -1 )’

which are the successive column vectors of the matrix A corresponding to

the linear map 01, i.e.
-1 1
A_< L )

Now we are ready to compute H5 (S', Z) for n = 0, 1. Note that H5(S',7) =
0 for n > 2 for the same reasons as in the Example above. We have
HE(S',Z) = 7%/Tm §; = Z%/Im A. Let us take a look at Tm A:

)G =) =)o (5),

But these 2 generating vectors are linearly dependent so that one can con-

clude that
ImA—Z( _11 > ~7.

If we manage to build a surjective linear map [ : Z2 —» Z such that Ker [ =
Im A, the first isomorphism Theorem will allow us to conclude that 72 /Ker [ ~
Im [. Put in another way this exactly yields that, Z2/Im A ~ Z.

Claim. The linear map | : 7> — 7 associated to the 1 x 2 matriz L =
( 11 ) has the desired properties.

Proof. Surjectivity is clear.

Moreover,
ap
11 =
( ) < ay > ap + aj
and
ap+ a1 =0< a1 = —ayo,
so that

(5)= (%) =(2),

which finally shows that

ot (),
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Finally, we just showed that

HP(S'.2)=7*/m A~17|

On the other hand we have that H{(S',Z) ~ Ker d; = Ker A. Let us
compute Ker A:

(@)=0) = (d)=()
= ()=2(1)

We have just shown that Ker A ~ Z, so finally

(HP(S,7) ~Ker A~ 2.

Altogether we just got the same conclusions as in the Example before, namely

H$(517Z):{Z forn=0,1

0 for n > 2.

Example 1.1.17. Let us have a closer look at HS (X, Z) for an arbitrary
topological space X. By definition H5* (X, Z) = Ker §/ITm 61 = Ag(X)/Im 61,
where

«

Ap(X) = {Z naed | ng € Z and €2 is an open 0 — simplex of X} .

Hence, Y, na€d, >, maed € Ag(X) belong to the same class if and only
if they differ by an element in Im 6y, i.e.

Z(na — ma)eg =0 Zn/g@é
B

«

However, for any open 1-simplex joining the points p and ¢ we have that
61 ([p,q]) = ¢—p so that p = g in H5(X,Z). From this it follows that if our
topological space X is path connected, we have an isomorphism HOA (X,7) ~
Z. However if our topological space X is not path connected we have that
HOA (X,Z) ~ 7™ where n equals the number of path connected components.

1.2 Cohomology

Cohomology is an algebraic variant of homology, the result of a simple du-
alization in the definition. This dualization is done by the left exact con-
travariant Hom functor Hom(—, Z). (cf. [A.14))
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Since we work here with a contravariant functor the induced homomorphisms
will go in the opposite direction. To be more precise consider a completely
general chain complex (Cl, de) of abelian groups: (This could be for instance
the chain complex related to simplicial homology.)

(5n1 9,
i Ol =25 C 2 Crpq = -+

To dualize this complex we replace each chain group C), by its dual cochain
group C} := Hom(C),Z), the group of homomorphisms C,, — Z, and we
replace each boundary map 9, : C;, = C,_1 by its dual coboundary map
d"~!:= 6} :C*_| — C*. The reason why d goes in the opposite direction
from ¢, increasing rather than decreasing dimensions, is purely formal: For
a homomorphism « : A — B, the dual homomorphism «* : Hom(B,Z) —
Hom(A, Z) is defined by a*(p) = pa, so o* sends B 2> Z to the composition
A% B % 7. Dual homomorphisms obviously satisfy (af)* = p*a*, 1" =1,
and 0" = 0. In particular, since 66 = 0 it follows that dd = 0 and we end
up with what we call a cochain complex which allows us to define the
cohomology group.

Definition 1.2.1 (Cochain complex). A sequence

PiL dnfl
e Cp g — Cr—— Cp -

of free abelian groups C};, n € Z, connected by homomorphisms

d" : C; — C;, 1 such that the composition of any two consecutive maps is
zero (i.e. d”od® ' = 0 for all n) is called a cochain complex. We will
denote such a sequence by (Cy,d*®).

Definition 1.2.2. The elements of C}; are the cochains (resp. the cochains
of degree n), the elements of Ker d" C C} are the cocycles, and those of
Im 4,1 C C} are referred to as coboundaries. The operator d is said to
be a coboundary operator or a cohomology operator.

Remark 1.2.3. The map d" : C}, — C}, | increases the cochain degree by 1.
We then say that d has degree +1.

The condition d” o d"~! = 0 for all n, means exactly that Im d"~! C Ker d",
so that the quotient space Ker d"/Im d"~! makes sense.

Definition 1.2.4. We call the quotient group
mn
HY(C,Z) :=Rer d"p 0y

the n-th cohomology group of the cochain complex (Cg,d®). The direct
sum

H*(X):= P H"(C,Z)

is referred to as the cohomology group of (CJ,d®).
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Remark 1.2.5. Notice that for cohomology we use superscript notation con-
trary to homology where we use subscript notation.

We have just seen how we can derive the cochain complex from a given
chain complex in order to compute the related cohomology groups. The next
Theorem shows that the cohomology groups H"(C,Z) are even determined
exclusively by Z and the homology groups H,(C,Z). This means that we
can extract the cohomology groups right from computations with homology
groups. This result is known as the universal coefficient Theorem for
cohomology.

Theorem 1.2.6. If a chain complex (C,,de) of free abelian groups has ho-
mology groups H, (C,Z), then the cohomology groups H"(C,Z) of the cochain
complex Hom(C),, Z) are determined by split exact sequences

0 — Ext!(H,_1(C, 2),Z) — H™(C,Z) % Hom(H,(C,Z),Z) — 0.
The reader who is interested in the proof of this Theorem can have a

look at [7] p.190-195.

Remark 1.2.7. The preceding Theorem involves the knowledge of the exten-
sion functors which are derived functors of Hom functors. The interested
reader may have a look at [18] in order to catch up with the notion of derived
functors.

Remark 1.2.8. Theorem is of particular interest when the extension
functor vanishes.

0 — Ext!(H,_1(C, 2),Z) % H™(C,Z) 2 Hom(H,(C,Z),Z) — 0

is an exact sequence hence, Im o = Ker h. Since Ext'(H,,_1(C,Z),7) = {0},
we have that Im o = {0}, in particular Ker h = {0}. Now, applying the first
isomorphism Theorem for the homomorphism h yields the isomorphism

H"(C, Z)/Ker (h) = Hom(H,(C,Z),Z).
Finally, since Ker h = {0} we get that
H™(C,Z) ~ Hom(H,(C,Z), ).

In the following subsection we will apply the theory we have developed
here to the case of simplicial homology in order to define the simplicial
cohomology.
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1.2.1 Simplicial Cohomology

Let X be a topological space equipped with a A-complex structure. We
define the group A™(X) of simplicial n-cochains with coefficients in Z
to be the dual group Hom(A,(X),Z) of the simplicial chain group A, (X).
Thus an n-cochain ¢ € A"(X) assigns to each simplicial n-simplex o :
A, — X a value p(o) € Z. Since the simplicial n-simplices form a basis for
A, (X), these values can be chosen arbitrarily, hence n-cochains are exactly
equivalent to functions from simplicial n-simplices to Z.

The coboundary map d" : A"(X) — A" (X) is the dual 6%, so for a

on
cochain ¢ € A™(X), its coboundary dy is the composition A, 1(X) ==

A,(X) % Z. This means that for a simplicial (n+1)-simplex o : Ay — X
we have:

do(o) = Z(—l)igo (U|[vo ----- Tiyeery Un+1]) .

It is automatic that d? = 0 since d? is the dual of §% = 0.

All this shows that we just constructed a cochain complex (C},d®) (where
Cr = A™(X)) of free abelian groups generated over a topological space X.
Hence, we can consider its n-th cohomology group HX (X, Z) := H"(C,Z) =
Ker d"/Im d"~! which is called the n-th simplicial cohomology group of
X.

e AT AR (x) & AT(X) e AL & AP (X) 0

For a cochain ¢ to be a cocycle means that dp = @d = 0, or in other words,
 vanishes on boundaries.

Example 1.2.9 (Application of the universal coefficient Theorem for coho-
mology). Since the chain groups A, (X) are free, the universal coefficient
Theorem guarantees the existence of split short exact sequences

0 — Ext!(H2 |(X,2),Z) — H2(X,Z) % Hom(H2 (X, Z),2) — 0.

When n = 0 there is no Ext term, and as we have established in Remark[[.2.§]
the universal coefficient Theorem reduces to an isomorphism HX(X ,Z) ~
Hom(HE (X,7),Z). Tn Example we have discovered that

HS(X,Z) ~ Z" where n is the number of connected components of X.
Moreover, we have that Hom(Z",Z) ~ Hom(!' Z,Z) ~ @} Hom(Z,Z) ~
@} Z ~ 7". Finally, this means that H (X, Z) ~ Hom(H&(X,Z),7) ~ 7"
Similarly in the case of HX(X,Z) the universal coefficient Theorem gives an
isomorphism HJ (X, Z) ~ Hom(H{(X,Z), Z) since Ext'(H(X,Z),Z) = 0.

In the case where X is in particular a complex manifold of dimension n
we have the following interesting property:
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Proposition 1.2.10. Let X be o complex manifold of dimension n, i.e.
dimcX =n. Then, _
HA(X,Z)=0 Vi>2n.

Remark 1.2.11. The same assertion holds true in the homological setting,
i.e. for a complex manifold X of dimension n we have that

HA(X,Z) =0 Yi>2n.

The interested reader can find a proof of this result in [7] Theorem 3.26.
p-236.

The proof of Proposition can be deduced from the homological case
and is an application of the universal coefficient Theorem Since X is a
complex manifold, we know in particular that it is orientable. Corollary 3.28.
of [7] tells us then that H2 |(X,Z) is torsion free which allows us to conclude
that it is a free abelian group and so we have that H2 |(X,Z) ~ ZF. This
again tells us that Ext!(H2 (X, Z),Z) = 0. Hence, as we have already seen
in Remark we have that H%(X,Z) ~ Hom(H2(X,Z),Z). However,
we already know that H2(X,7) =0 Vi > 2n. Finally, this means that we
have just shown that HX(X,Z) =0 Vi > 2n.

We will close this section by some important considerations around ho-
mology and cohomology theories. Right now, we have introduced simplicial
homology which is an example of a homology theory, respectively simplicial
cohomology which is an example of a cohomology theory. It turns out that
the simplicial homology satisfies some axioms which are called the Eilenberg-
Steenrod axioms.

Eilenberg-Steenrod axioms. Let C be the category of pairs of topological
spaces. A homology theory (H,C) on C is a sequence of functors H, : C —
Ab for n > 0 and a sequence of natural transformations 6, : H, = H,_10R
(where R : C — C is the functor (X, A) — (A,0)) such that the following
axioms hold.

e Homotopy Axiom. If fy, f1 : (X, A) — (Y, B) are homotopic (i.e.,
there is a homotopy F' : (X x I, A x I) — (Y, B) with Fy = fp and
Fy = f1), then H,(fo) = Hn(f1) : Ho(X, A) — H, (Y, B) for all n > 0.

e Exactness Axiom. For every pair (X, A) with inclusions i : (A, () —
(X,0) and j : (X,0) — (X, A), there is an exact sequence

Hy (i)

o Ho (A 0) 29 o) 2 g (x,A) 2 H o (A,0) >
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e Excision Axiom. For every pair (X, A) and every open subset U
of X with U C A, the inclusion (X \ U,A\ U) — (X, A) induces
isomorphisms

Ho(X\U,A\U) = Hp(X, A)
for all n > 0.

e Dimension Axiom. If X is a one point space, then H, (X, () = 0 for
all n > 0. One calls Hy(X, () the coefficient group. In our case we
have that Ho(X,0) = Z (have a look at Example and Example
1.1.16]) so that we agree to denote the coefficient group by Hy(X,Z).

If one fixes the coefficient group, any two different homology theories sat-
isfying these specific axioms will actually have isomorphic homology groups.
For the rest of the paper we will denote by H,(X,Z) the homology group
of some homology theory which satisfies the Filenberg-Steenrod axioms with
coefficient group Z. In particular we then have that H>(X,Z) ~ H, (X, Z).
By the dualization property of cohomology it is then immediate that we also
that HX(X,Z) ~ H"(X,Z). The interested reader who wants to have more
details about the Eilenberg-Steenrod axioms can have a look at [15] p.231.

1.3 Cup Product

We are now ready to introduce the cup product which provides the mul-
tiplication in H*(X) and turns it into a so-called graded-commutative ring.
It is important to mention that this product is only defined in the setting of
cohomology so that it has no application for homology. In what follows we
will work with the simplicial cohomology we introduced in section For
the understanding of the following definition the theory developed in that
section may be useful.

Definition 1.3.1. For cochains ¢ € A¥(X) and ¢ € A/(X), the cup prod-
uct ¢ — 1 € AFT(X) is the cochain whose value on a simplicial simplex
o : Ak — X is given by the formula

(90 ~ w)(a) = (U’[vo,...,vk}) (0 (U‘[vk,.‘.,vkﬂ]) )

where the right-hand side is the product in Z. We then extend this definition
by bilinearity.

To see that this cup product of cochains induces a cup product of coho-
mology classes we need the following formula relating it to the coboundary
map:

Lemma 1.3.2. d(¢ — ¢) = dp — ¢ + (—1)F¢o — di for p € AF(X) and
P € AYX).
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Proof. (Based on Lemma 3.6. in [7].) For o : Agy41 — X we have:

k+1
(d%p ~ ¢)(O-) = Z(_l)z(p (U|[v0,...,ﬁi,...,vk+1]) 17[} (O-|[vk+1 ..... Uk+l+1]) )
=0
k+l+1 A
<_1>k(90 ~ d¢)(g> = Z (_1)190 (J|[vo,...,vk]) ¢ (U|[vk7...,ﬁi,...,vk+l+1}) .

i=k
When we add these two expressions, the last term of the first sum cancels
out the first term of the second sum, and the remaining terms are exactly

d(p — ¥)(0) = (¢ — ¥)(60) since 5o = 375 (—1)0ly,.. i1, psrpa)

Exercise 1.3.3. Let us check in detail the last affirmation of the preceding
proof:

(¢ — ) (d0)
k+1+1
= (()0 ~ ¢) ( (_1) O‘|[’U(),...,UZ,...7’Uk+l+1]>
=0
k A k+1+1 ‘
=(p— ) (Z(_1)20|[vo,...,ﬁi,...,vk+l+1] + > (—1)%7![UO,...,@,...,WHH]>
1=0 i=k+1
k .
= (()0 ~ /llz)) ( (71)Z0-|['U0,.‘.,75i “‘1vk+l+l]>
=0

Rl
+ (o — ) ( > (=1l vk+l+1]>

= (_1)190 (U’[Uo,...,ﬁi,‘..,vk+1]) ¢ (U‘[Uk+17...7vk+l+1])
=0
k+14+1 ‘

+ Z (_1)190 (U’[vo,...,vk}) 1/1 (U‘[vk,...,ﬁi,...,kaJrl]) .

i=k+1

Note that we used here nothing else than the property that ¢ — ¥ is a
cochain, i.e. a homomorphism.
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From the formula d(¢ — ¥) = dp — ¥ + ¢ — dip of the preceding
Lemma it is apparent that the cup product of two cocycles is again a cocycle.
Also, the cup product of a cocycle and a coboundary, in either order, is a
coboundary since ¢ — dip = +d(¢ — ) if dp = 0 and dy — P = d(¢ — )
if dip = 0. It follows that there is an induced cup product

H*(X,7) x H\(X,7) = H*'Y(X,Z).

This is associative and distributive since at the level of cochains the cup prod-
uct obviously has these properties. Since Z has an identity element, there is
an identity element for the cup product, the class 1 € H(X,Z) defined to
be the 0-cocycle taking the value 1 on each simplicial 0-simplex. All of this
shows that the cup product fulfils all the needed properties in order to turn
the cohomology group H*(X) := @, H"(X,Z) into a graded ring. (The
grading property is clear and is given by the decomposition into the direct
sum.) Elements of H*(X) are finite sums Y, o; with a; € H'(X,Z), and

the product of two such sums is defined to be (>, a;) (Z Bj> =i .

Exercise 1.3.4. Let us check that the cup product is indeed associative and
distributive.
Let o € A¥(X), v € A(X), & € A™(X) and 0 € Agyism.

e Associativity:

((‘10 ~ dj) ~ é)( ) ( ) (U’[vo,...,vk+l]) 7/} (U’[Uk+l,...,vk+l+m])
=9 ( | [v0,.- ﬂ)k]) (U|[vk,~~~,vk+l]) £ (O-‘[Uk+lv~--avk+l+m]) )

((P ~ (¢ ~ {))(0’) = (0—‘ [vo vk]) ( ~ 5) (U|[vk,...,vk+l+m})
= 0 (Olpo,vn)) ¥ (Oliogvnsi]) € (Oliogsrnonsrem]) -

e Distributivity:
Here we need to distinguish 2 cases:

1. if k#£1:
This follows immediately from Definition [I.3.1I]where we indicated
that we extend the cup product by bilinearity. This exactly means
that (¢ +¢) — =9 — {+1 — {and that ¢ — (Y +&) = ¢ —
Y+ —&
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2. if k=1

((p+9) — (o)

= (@ + ) (ljvon]) € (@lpprvnsml)

= (# (@lworn) T ¥ (Olporon)) € (@livgcvim])
_90(0“1’07 7”k]) ( Ukv ﬂ}k+m})

+¢( [vo,.-- vk]) (J’[vm 7Uk+'m]>

= (p =& (o) + (¥ —&)(0).

And a similar computation gives linearity in the other argument.

Exercise 1.3.5. Let us check in more details (in a computational way) that
the cup product defined on cochains induces a cup product at the level of
cohomology groups.

Definition yields a map

AF(X) x AY(X) = AMY(X).
We want to construct a map
HX(X,7) x H\(X,Z2) = H'(X,2).

Recall that HR(X,Z) = Ker d"/Im d"!, so we first need to check the fol-
lowing:
d*a =0, db=0= d**'(a —b) =0.

This follows from the formula of Lemma, [1.3.2] which tells us that the cup
product of two cocycles is again a cocycle. AH of this allows us now to take
classes; in other words we can factor out the coboundaries. Now it remains
to show that this is independent of the choice of the representative of a given
class. Therefore let (a,B) = ((i’,l;’) IS HZ(X, Z) leA(X, Z),i.e. a—a =dn
and b — b = d¢. We want to show that a — b — a’ — b/ = dv. We have:

a—b—ad —b = (d+dn) — ¥ +d)—d -V
= d-bV+d —dé+dyp— b +dp—dE—a <V
= d —dé+dn—b +dn— dE.

Now we use the property that the cup product of a cocycle and a coboundary,
in either order, is a coboundary (this follows from Lemma [1.3.2)). Note that
a coboundary is also a cocycle since Im d” C Ker d"t!. Hence, the last term
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of the preceding sum can also be seen as the cup product of a cocycle and a
coboundary. Altogether we get:

a—b—ad —b = d—dé+dyp— b +dn— d¢
= dvy + dvg + dus
= dv,

where in the last equality we just used the fact that d is a homomorphism
of abelian groups, 4.e. we have that v = vy + v + v3.

The natural question of whether the cup product is commutative is an-
swered by the following Theorem:

Theorem 1.3.6. For all o € H*(X,Z) and all B € H(X,Z) we have the
following identity:
a—f=(-D)"8—a

The interested reader can find a proof of this assertion in [7] Theorem
3.11. p.210-212.

A graded ring satisfying the commutativity property of the preceding
Theorem is usually called simply commutative in the context of algebraic
topology, in spite of the potential for misunderstanding. In this paper we
will prefer to use the terms graded commutative or skew commutative.

Conclusion: H*(X) := @, H"(X,Z) is a graded skew commutative
graded ring.

1.4 Application: The cohomology ring H*(CP") of
the n-dimensional complex projective space

In this section we want to compute the cohomology ring of the complex pro-
jective space of dimension n. To begin with we will take an interest into
H*(CP') where we are going to do the computations explicitly. Afterwards
we will state the general result for arbitrary dimensions which is obtained
by induction on the dimension n.

1.4.1 The cohomology ring H*(CP!)

As we have developed in our theoretical part we will first take an insight
into the homology groups before computing the cohomology groups via our
dualization process. Then we are able to compute the cup product in order
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to characterize our cohomology ring H*(CP'). In what follows we will work
with the simplicial homology and simplicial cohomology which we studied in
respectively

The one dimensional complex projective space CP! is isomorphic to the Rie-
mann sphere C which again is isomorphic to S2. Finally, S? is isomorphic
to the boundary of the standard 3-simplex so that a A-complex structure is
given by means of

(i) Four O-simplices: EY := [vg], ES := [v1], EY := [va], EY := [v3],

(ii) Six 1-simplices: Ej := [vg, v1], F3 = [vg, va], E3 = [vg, v3],
Ei = [1)1,1)2], EL% = [1)1,1)3], Eé = [1)2,113],

(iii) Four 2-simplices: E? := [v1,v2,v3), E3 := [vg,v2,v3], F3 := [vg, v1,v3],
E? := [vg, v1,v2].

According to our notation let us indicate by A, (CP!) the free abelian
group with basis the open n-simplices of CP! which we denote as usual by
er = En:

Bo(CP1) = (e, e}, e, ) = 24,
Al((D[Pl) = <e%,e%,e§,e}l,e%,eé>z ~ ZG,
AQ(C[PI) = < %,e%,e%,ei>z ~ 7%

Hence, the chain complex
0 — As(CPY) 2 A(CPY) 25 Ag(CPY) 2 0
is isomorphic to the chain complex
0—>C2::Z4é>01 ::ZGiCU::ZZliO.
From this it follows that
HA(CPY,Z) ~ Hy(C,Z) for i=0,1,2

i.e. the induced homology groups of both complexes are also isomorphic to
each other so that it is sufficient to study the complex build up by tuples of
integers. In this chain complex (C,, d,) the maps d, are just linear maps and
we know that they are entirely defined once we know the values on the basis
vectors. Also linear maps [ : Z™" — Z™ can just be represented by m X n
matrices whose i" column is exactly the image of the corresponding i*" basis

vector. (cf. |1.1.16]
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By identification via the isomorphism between the chain groups we will get
that the basis of Cy is given by the following correspondence:

o O O =
S O = O
(¥
o= O O
o O O
(¥

In the same way we also obtain the basis of C} respectively Cpy:

1 0 0 0 0 0
0 1 0 0 0 0
o _alol _ |l _alofl_alo]_.fo
ol =l o |~ o= 1 |=%] o |~%] 0o
0 0 0 0 1 0
0 0 0 0 0 1

1 0 0 0

0 1 0 0

o | = el o | = ey, L= e, o | = el

0 0 0 1

Recall that the boundary operator &, : A,(CP!) — A, _1(CP!) for this

A-complex structure on CP! is given by the rule:
5”(0-05) = Z(_l)l O'Oé|[’l}0,...,lfi,...,vn] :
i

We will now see how to compute with all these tools in order to get the
different columns of the involved matrices. Here it is important to keep in
mind the geometry we introduced at page [} to give an example we have
that

d1[vo, v1] = [v1] = [vo],

so that

di(er) =5 —ef.

By identification via the corresponding isomorphism we conclude that

-1
0

o O = O
o O o=

1
0 Y
0

S OO oo

which gives us the first column vector of the 4 x 6 matrix corresponding to
the linear map 4.
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Applying this procedure to the different basis vectors of C; we conclude that
the 4 x 6 matrix A corresponding to the linear map 97 has the following form:

-1 -1 -1 0 0 O
1 0 0 -1 -1 0
0 1 0 1 0 -1
0 0 1 0 1 1

A=

Again, applying this procedure now to the different basis vectors of Cy and
the linear map d5 we conclude that the 6 x 4 matrix B corresponding to the
linear map &4 has the following form:

0 0 1 1
0o 1 0 -1
0 -1 -1 0
B= 1 0 0 1
-1 0 1 0

1 1 0 0

We are now ready to understand how to compute the different homology
groups of the complex (C,, d,):

(i) H2(C,Z):

Hy(C,Z) = Ker §,/Im 64 ~ Ker ¢}, since Im 05 = 0.

So it suffices to compute the kernel of the map 05; but this is the same
as computing the kernel of the matrix B. Applying Gauss elimination
to the matrix B yields the following reduced row echelon form of it:

1 00 1
010 -1
, oo 1
B = 0 00 O
0 0 0 O
0 00 O
and
0 ap +as
a 0 a] — ag
’ al - 0 as + as .
Bla|=lo]| * 0 -
as 0
0

az
as

—as
as

ISEES
= o
~ s O O
Il
o |
w 9
w
N— - O O O O O O
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so that

Ker 8y =7

i.e. Ker 8, ~ Z, so that finally

HE(CPL,Z) ~ Hy(C,7) ~Ker 6 ~ 7.

H()(C, Z)

Hy(C,Z) = Ker 8, /Im &} ~ Z*/Im A.
In order to compute Im A we this time take a look at the reduced
column echelon form of A which is given by:

1 0 0O 0 0 O
;o 0 1 0O 0 0 O
A= 0 0 1 0 0 0 ’
-1 -1 -1 0 0 0
so that
ao
aq agn
AI a'2 — a/l
as az
ayq —ap — a1 — ag
as
1 0 0
=a 0 +a L +a 0
—1 —1 —1
which finally shows that
1 0 0
0 1 0
Im A = < 0 , 0 , 1 >
—1 —1 —1

If we manage to build a surjective linear map [ : Z* — Z such that
Ker ! = Im A, the first isomorphism Theorem will allow us to conclude
that Z4/Ker! ~ Im[. Put in another way, this exactly yields that
74 /Im A ~ 7.
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(iii)

Claim. The linear map | : Z* — 7 associated to the 1 x 4 matriz
L= ( 1 1 11 ) has the desired properties.

Proof. Surjectivity is clear.

Moreover,
aop
a1
(111 1) = agp + a1 + az + a3
az
as
and
ag+ a1 +as+a3=0< a3 = —ap — a1 — as,
so that
ao ag
ai _ ai
ay | ag
as —apg —ap —az
1 0 0
=a 0 +a 1 +a 0
— o 0 1 0 2 1 )
-1 -1 -1
which finally shows that
1 0 0
0 1 0
Kerl = < 0 , 0 , 1 > =1Im A.
-1 -1 -1 ~

Altogether we just showed that

HE(CPY,Z) ~ Hy(C,Z) ~7*/Im A ~ Z.

H1 (C, Z)

H,(C,Z) = Ker §]/Im ¢, = Ker A/Im B

In order to compute Im B it is enough to notice that the 15! column of
the matrix B can be obtained by linear combination of the remaining
ones. If one agrees to denote the columns from left to right by ¢, o, c3
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and c4, we have that ¢; = co + ¢4 — c3. Moreover, the column vectors
c2,c3 and ¢4 are linearly independent which allows us to conclude that

0 1 1
1 0 —1
-1 -1 0
Im B = <C2?63’C4>Z = < O , 0 , 1 >
0 1 0
1 0 0

z

In order to compute Ker A we will this time need the reduced row
echelon form of A which we denote by A”. Applying Gauss elimination
we obtain the required matrix:

1 00 -1 -1 O
"o 01 0 1 0 -1
A= 0 01 0 1 1
0 00 O 0 0
and
ao
aq 0
" a2 _ 0
A as o 0
ay 0
as
ag — a3 — a4 0
ai + a3z —as 0
=
as + as + as 0
0 0
ap 1 1
aj -1 0 1
= @2 a 0 +a -1 +a -1
as |~ 1 1 0 o I
ay 0 1 0
as 0 0 1
so that
1 1
-1 0 1
0 -1 -1
KerA—< 1 , 0 , 0 > =Im B
0 1 0
0 0 1
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Altogether we just showed that

H2(CP',Z) ~ H,(C,Z) ~ Ker A/Im B ~ {0}.

In order to compute the different homology groups H2(CP!,Z) for i =
0,1,2 we worked with the chain complex
074 578 474 0.

Now, in order to get the different cohomology groups HY4 (CP!,Z) for i =
0,1,2 we need to consider the cochain complex

0 A(CPY) & Al(CPY) 45 A2(CPY) 0,
which is by definition the cochain complex we obtain by dualization:
0 — Hom(A¢(CP'),Z) — Hom(A;(CP'),Z) — Hom(Ay(CP'),Z) — 0.

Using the isomorphism between the chain groups we introduced above this
is nothing else than

0 — Hom(z*,Z) — Hom(Z%, Z) — Hom(Z*,Z) — 0.
Now, applying the result Hom(Z",Z) ~ 7™ we finally get the cochain com-
plex
t t
07 576 574 0.
By performing similar computations as we did before for the different ho-
mology groups we get here that

HQ(CP',7)~ 7,
HA(CP',Z) ~ {0},
HA(CP',2)~ 7.

Now, we need to take an interest into the cup product of the different
cohomology groups HX (CP',Z) x H (CP',Z) = HX™(CP',Z). Note that
we only have something non-zero in degree 0 and in degree 2 so that we only
need to compute the cup product between two objects of degree 0 or between

one object of degree 0 and one object of degree 2. Any other cup product
will trivially give 0 as result because the corresponding target space will be

{0}
Let us first study the cup product involving two objects of degree 0. We
have that

HQ(CP,Z) ~Ker A' =Z

U U W WY
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so that a basis vector of HR (CP, Z) is given by |

where the * denotes the dual vector. Let o, 8 € HR(C[PI, .
a=al(ef) + ()" + ()" + ()], B=0b[(eD)" + (e3)" + (€3)" + ()]
with a,b € Z.

a—p

= ab {[(eD)" + (9)" + (8)" + ()] = [(D)" + (9)" + (9)" + (9)"] }

= ab [ ()" — (D) + (D) — (B) -+ () () () = ()]

However,
(D) = @] @) =[] @) [ )] ()
= ik Ojk
{ 1 ifi=j=k
0 else ’
so that
a—p

= ab [ ()" — (D) + ()" = (B)" + (5)" = ()" + ()" — (e})']
= ab ()" + ()" + ()" + ()]
All this shows that the cup product

HQ(CP',z) x HR(CP',Zz) = HX(CP', Z)
a, B — a—pf

can be identified with a map

Ix?7 — Z
(a,b) — a-b.

Now, let us study the cup product involving an object of degree 0 and
an object of degree 2, i.e. we want to understand the map

HQ(CP',7) x HX(CP',Zz) = HX(CP', 2)
a, B — a—f.
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We have that

H3(CP',7) ~ 7*/Im B,

where

Ith:<

Hi(CPY,Z2)~7*/Im B! ~ 7

> ~ 73

z

_ O O =
_ =0 O

so that

_ o O O

This means that a basis vector of H3 (CP!,Z) is given by [(e3)*]. Let a €
HY(CP',Z),8 € HX(CP',Z), ie. o = a[(el)"+ (e9)" + (e3)" + (9)7],
B="0b[(e?)7] with a,b,€ Z.

a—f3
— ab { [(e?)* +(e9) + (e9)" + (62)*} — {(63)*} }

= ab ()" — ()" + (9)" — ()" + ()" — () + ()" — ()]

But, (keep in mind the notations introduced at page
(D)= ()] () =0 it j#4

and
() = @] @ =[] [ D] ()
= ()] ()1
_ {1 ifi=1
0 else ’
so that

a—pF = ab [(e?)* — (ei)*}
= ab (eiyk .
So again, all this shows that the cup product

HQ(CP',7) x HX(CP',Zz) = HX(CP', 2)
a, B — a—pf
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can be identified with a map

Ix7 — Z
(a,b) — a-b.

From the knowledge of HY (CP',Z) ~ 7, HX(CP!,Z) ~ {0}
and HX (CP!,Z) ~ Z, we can conclude that

HCPY~Z@pZ~Z 107 g,

where g takes the role of the generator of HX(CP',Z). Moreover, with the
help of our computations around the cup product we know that 1 — g=g¢
and g — g = 0. Since we only have non-zero elements in degree 0 and 2,
we also know through Lemma m that our cohomology ring H*(CP!) is a
commutative ring, so that it makes sense to consider the following map:

Zlz] 5  H*(CPY)
xr — g.

Obviously the map ¢ is surjective. By the above it is clear that ¢(z?) =
g — g = 0 and from this we conclude that any polynomial with integer
coefficients f(x) = ap + a1z + - - - + a,x™ will be mapped to ag + a;g under
the action of ¢.

Consequently, ¢o(f(z)) =0 < ap+a19 =0 ap =0 and a1 =0 <
f(z) € (2*) which shows that Ker ¢ = (z?). Applying the first isomorphism
Theorem for the map ¢ yields the isomorphism

Z[w]/(xg) ~ H*(CPY).

1.4.2 The cohomology ring H*(CP")

The computations we have done in the preceding section can be generalized
to any complex projective space of dimension n. This is exactly the content
of the following Theorem:

Theorem 1.4.1.
H*(CP") ~ Z[x]/(anrl).

A proof of this Theorem is given in section 3.2. of [7]. (cf. Theorem 3.19.
p.220)

Remark 1.4.2. From the preceding Theorem we can conclude that:
H*(CP")~Z for i=0,...,n,
H*TL(CP") ~ {0} for i=0,...,n— 1.
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Remark 1.4.3. Tt is true that the computations we have done in the preceding
section can be generalized to any complex projective space of dimension n.
However, no explicit triangulation of CP" is known for n > 4 even though
we know that it has to exist. The interested reader can have a look at
[16] for further details. Therefore, if we want to prove Theorem we
need to work with another cohomology theory than the one given by A-
complexes. The proof of Theorem which can be found in [7] is realized
by means of CW-complexes. Compared to A-complexes these complexes are
more laborious but the advantage is that one can easily compute with them,
whereas A-complexes are more accessible but the price we have to pay is
that the computations get quickly time-consuming as one can recognize in

section [[L4.1l



Chapter 2

Chern Classes

2.1 Cohomology of Sheaves: Cech Cohomology

Let .# be a sheaf of abelian groups on X, and U = {U,} a locally finite
open cover. We define the following cochain groups:

cw,7) = []70a).

c\u,7) = [] ZWanUp),
a#p

crU,F) = I ZWen-nUs,).
QoFnF - Fop

An element 0 = {07 € F (NUj,)} 1y of CP(U, F) is called a
p—cochain of .%#. We define a coboundary operator
d:CP(U,F) — CPTL(U, 7)
by the formula

p+1

(@0)igipir = 21V i i

J=0 Uiy N NU;
In particular, if o = {opy} € CO(U,.%),

(do)uyv =0y — oy
and if o = {oy v} € CYU, Z),

(do)uyw = ovw — ouw + ouv

30
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(omitting the restriction).
It is easy to see that d? = 0, so we get a cochain complex and we set

ZP(U, F) = Ker d C CP(U, F)

and 2.7
F
HU,Z) = 22 Z)
0P = 4w, )

Now, given two coverings U = {Ua},c; and U’ = {Us}per of X, we say
that U’ is a refinement of U if for every 8 € I’ there exists a € I such that
U[g Cc U,. We write U’ < U.

We define the p*"* Cech cohomology group of .% on X to be the direct
limit of the HP(U,.%)’s as U becomes finer and finer:

HY(X,7) = limy H'(U, %),
U

When there is a possibility of confusion, we will denote Cech cohomology
groups by H. Clearly, for any covering U

HY(X,7)=HU,Z) = F(X).

Note that if X C Y is a closed subspace, .% any sheaf of abelian groups on
X, then extending % by zero to a sheaf on Y, we have

HP(X,.F) = HP(Y, 7).

The definition of HP(X,.#) as a direct limit is, in practice, more or less
impossible to work with. What is needed is a simple sufficient condition on
a cover U for
HP(U,.7) = H"(X, 7),

which is provided by the following Theorem:
Leray Theorem. If the covering U is acyclic for the sheaf F in the sense
that

HYU;, N---NUg,#)=0, ¢>0, any i,...,ip,

then HP(U, #) ~ HP(X,.7).

The interested reader may find a proof of this Theorem at page 40 of [4].
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2.2 The Picard Group of a Complex Manifold X

During this whole section every line bundle is taken to be holomorphic.
Recall that for any holomorphic line bundle L = X on the complex manifold
X, we can find an open cover {U,} of X and trivializations

Yo Ly, > Uy xC

of Ly, = w1 (U,). The transition functions gap : Uy N Uz — GL1(C) for L
relative to the trivializations {¢q} are defined by

gap(2) = (cpa o %1) ‘Lz € GLy(C).

The functions g,p are clearly holomorphic, nonvanishing and moreover they
satisfy:

(1) gaﬂ gﬂa
dop " 9By * Gya = 1.

Conversely, given a collection of functions {gag € O% (Ua NUpg)} satisfy-
ing these identities, we can construct a line bundle L with transition functions
{9as} by taking the union of U, x C over all a and identifying {z} x C in
Uy x € and Ug x C via multiplication by gg(z). Now, for an arbitrary holo-
morphic line bundle L, for any collection of nonzero holomorphic functions
fa € O% (Uy) we can define alternate trivializations of L over {U,} by

(Pla = fa * Pas
so that transition functions g/, 4 for L relative to {f,} will then be given by

_ - _ 1
(2) g;gzw’aosﬁfgl=fa-soaof51-s051=fa-f51-soaos051Zi-gag-

On the other hand, we see that any other trivialization of L over {U,}
can be obtained in this way. Finally, this allows us to conclude that collec-
tions {gap} and {g;} of transition functions define the same line bundle if
and only if there exist functions fo € O% (Uq) satisfying (2).

The description of line bundles by transition functions provides a sheaf the-
oretic interpretation of them. First, we notice that the transition functions
{gap € O% (Us N Ug)} for a line bundle L = X represent a Cech 1-cochain
on X with coefficients in O%; the relation (1) asserts that d({gag}) = 0,
i.e. {gap}isa Cech cocycle. Moreover, from the last paragraph we conclude
that two cocycles {gap} and {g, 4} define the same line bundle if and only if

their difference { Jap ggﬁl} is a Cech coboundary.
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Consequently, the set of isomorphism classes of line bundles on X is just
HY(X,0%).

We can give the set of isomorphism classes of line bundles on X the struc-
ture of a group, multiplication being given by tensor product and inverses
by dual bundles. If L is given by transition functions {gas}, L' by {g,4}
we have that

Lol ~{gapghs}, L~ {93}
and so under the identification described above, the group structure on the
set of isomorphism classes of line bundles is the same (means we can identify

both by an isomorphism) as the group structure on H'(X,O%). The group
H' (X, 0%) is called the Picard group of X, and is denoted by Pic(X).
Remark 2.2.1. (Based on [9].) There exists also the notion of a Picard
group for a compact Riemann surface X. It is defined as follows: Let X
be a compact Riemann surface. Let Div(X) denote the free abelian group
generated by points of X. This is the set of divisors on X. Any element
D e Div(X) can be written as

D:an-:c,

where n, € Z and only finitely many of them are different from zero. On
Div(X) we can consider the notion of a principal divisor corresponding to a
meromorphic function f. More precisely, for a global meromorphic function
fon X de feM(X) weset

(f) == (ordyf) - = € Div(X),

zeX

where the order of f is defined as follows:

mult,, f, fla)=0
ord,f ;= { —mult,f, fla) =00
0, else

and mult, f is determined by means of the 1 : 1 correspondence
M(X) +>{holomorphic maps X — C not identically co} and the local be-
haviour Theorem of holomorphic maps of Riemann surfaces.

Theorem (Local behaviour of holomorphic maps). (Theorem 3.1 of [9].) Let
X,Y be Riemann surfaces. Let g : X — Y be a holomorphic map. Let
a€ X, b:=gla) €Y. Then there exists an integer k > 0 such that locally
around a the morphism g looks as

2 2k

i.e., there exists a chart U 5V, a € U, o(a) =0, and a chart U’ N Vv,
be U, ¥(b) =0, such that g(U) C U’ and 1) o gly o o~ (2) = 2.
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The number k of the previous Theorem is uniquely determined for a given
holomorphic map g and a given point @ € X. Using the 1 : 1 correspondence
we can associate to f a holomorphic map g : X — C which is not identically
oo and set mult, f := mult,g.

We call (f) the principal divisor corresponding to the meromorphic function
f. For f,g € M(X), z € X we have mult,(f-g) = mult, f + mult,g, so that

(f-9) = (f)+(9)

(}) — (),

which shows that the set of all principal divisors PDiv(X) is a subgroup of
Div(X). Since we work in an abelian context it makes sense to consider the
following quotient group
Pic(X) = VX b x),

which is called the Picard group of X. It turns out that this one is
isomorphic to the group H! (X, 0%), so that both notions are equivalent.
(For more details have a look at [4] p.161 and use the fact that any compact
Riemann surface can be embedded into complex projective 3-space.)

2.3 The First Chern Class of Line Bundles

Let X be a complex manifold of dimension n.

Definition 2.3.1 (First Chern Class). The exact sequence of sheaves on
X

27

O—>Z—>(9Xﬂ>0§(—>0

gives a coboundary map (Proposition 1.3.4 of [17])
HY(X,0%) % H2(X, 2).

For an isomorphism class of line bundles L € Pic(X) = HY(X,O%), we
define the first Chern class ¢;(L) of L (or simply Chern class) to be d(L) €
H2(X,Z).

Remark 2.3.2. By Z we denote the constant sheaf, i.e. Z(U) = Z for any
open set U C X. In order to get the coboundary map described in the
previous definition we apply the result that any short exact sequence of
sheaves induces a long exact sequence in cohomology. (Proposition 1.3.4 of
[17].) Moreover, we also use here the fact that H?(X,Z) ~ H?%(X,Z). (The
interested reader may find a proof of this fact at page 42 of [4].)

Let us also try to understand why the given sequence of sheaves is exact:
In order to show this, it is sufficient to check it on stalks. (Below, we use
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index notation to characterize the stalk at a.)

It is clear that the map o : Z, — Ox 4, n +— 2min is injective. Moreover,
for f € Ox,, we have that exp f =1 & f = 2min so that Ker exp = Im a.
It remains to show that the map exp : Ox,, = O, is surjective, s.e. for
fe (’)}ﬂ one needs to find g € Ox , such that expg = f. In order to solve
this equation we use the identification Oy, ~ C{x1,...,z,}, t.e. the set
of equivalence classes of holomorphic functions defined in a neighbourhood
around « is isomorphic to the set of convergent power series in x1,...,Zy,.
Similarly, the set of equivalence classes of invertible holomorphic functions
defined in a neighbourhood around a is isomorphic to the set of convergent
power series in xq,...,Z, with non-zero constant term. With help of this
identification and the power series expression of the exponential map, the
before mentioned equation results in constructing g = Y .2 a;x’ with a; € C
such that expg = > "7, l,g = f for a given f = > 22, bz’ with b; € C for
i > 1 and by # 0. This final equation admits a solutlon which one obtains
by identification of the coefficients.

Remark 2.3.3. As an immediate consequence of the definition, note that
Cc1 (L (= L/) = Cl(L) + Cl(L/)
and
Cl(L*) = —Cl(L).

Also, if f: X — Y is a holomorphic map of complex manifolds, the diagram

HY(X,0%) —— H*(X,2)

1

H\(Y,0%) —— H2(Y, Z)

commutes, so that for L = Y any line bundle,
a(f*L) = fre(L).

Example 2.3.4. In section we have established that HX (CP!,Z) ~ Z.
Hence, the first Chern class of a line bundle L € Pic(CP!) is just an integer.
In particular since d is a morphism, we immediately conclude that the first
Chern class of the trivial line bundle I over the complex projective space of
dimension one is 0, i.e. ¢;(I) =d(I) = 0.

Notice that the last Remark holds true for the trivial line bundle on any
complex manifold X, in the sense that its first Chern class is just the corre-
sponding 0 class in H?(X,7Z).



CHAPTER 2. CHERN CLASSES 36

2.4 Chern Classes of vector bundles of rank r

In what follows we will use the axiomatic approach of Grothendieck [5] in
order to define the ith Chern class ¢;(F) of an arbitrary vector bundle E of
rank r. This method presents the advantage that one can obtain the different
Chern classes from the line bundle case.

In order to understand the explicit definition, we need the following es-
sential considerations around the Leray-Hirsch Theorem:
Let E be a vector bundle of rank r on a complex manifold X. Consider
the corresponding projective bundle P(E) & X, i.e. locally one has that
P(E) ~ X x CP"~!. The bundle projection 7 and the cohomology functor
induce the following homomorphism of rings:

T H*(X,Z) — H*(P(E),Z),

which naturally endows H*(P(FE), Z) with an H*(X, Z)-module structure.
Consider also the exact sequence of sheaves on P(E):

21 exp

The induced long exact sequence in cohomology provides a homomorphism
H ([P(E),OD’Z(E)) L H2(P(E), 2).

Use this homomorphism to set £ = ¢1 ([Op(g)(1)]), where Op(g)(1) is the
line bundle dual to the tautological bundle . on P(E) defined as follows:
Pull back E to P(E) along 7w : P(E) — X and obtain

m™E =P(F) % E :={(z,v) e P(E) x E |7w(x) =p(v)}:

j

P(E) —

m™E=P(E)x EC P(E

&

X X B —
X

«—
iS]

<

Define .7 C 7*E by . = {(z,v) € *E |v € z}. Equivalently one can also
say: &€ = —c1([.7]).

Claim. 7*E is a vector bundle of rank r on P(E).

Sketch of the proof. Let {g;j} be a cocycle defining E with respect to a
trivialization UU; = X, d.e. g¢;; : Uy NU; — GL.(C). We have that
Ur~1(U;) = P(E) and a cocycle of 7*E can be given by:

ggj =" (gi5) :gijoﬂ'iﬂ'ilUiﬂﬂflUj ;UiﬂU gij GL.(C).

This shows that 7*F is a vector bundle of rank r on P(FE). O
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Claim. % is a vector line subbundle of T*E.

Sketch of the proof. We will establish how one looks locally at the vector
bundle .. Let (z,v) € .. Then nn(z) = z forsomez € X, i.e. z € 7 1(x) =
P(p~'(z)) = P(E;) and v € E, since we have that v € z. Moreover, we
know that locally Ey, ~ U; x C" and P(Ey,) ~ U; x CP"~! so that we get
the following local diagram:

m™Ey, C Uy x CP"" ! x U; x C" —— U; x C"

| |

UxCP—' — U,

ie. Sy, C T Ey, ~ U; x CP™™1 x C", so locally one has that

S, = {(x,l,v) € Uy x CP"™™1 x C"|v € I}. Consider now some tuple
(x,l,v) € S, i.e. 1= (lo,...,lr—1) and v = (vp,...,v,—1). Look at the
standard chart oo : Vy € CP"™~! — C"~! of CP"! given by lp = 1. The
condition that v € [ yields that the 2 x 2 minors of the following matrix are

zero
lo L - L
vo v1 o Vel )]

which results in the following system of equations

v = livg

v =l
(1)

Vp—1 = lp—1%0.

This allows us to construct the following isomorphism:

Fove CUxVoxC 25U, xC 7 xC"

(x, g@o(l), (1)0 yoeee ’Urfl)) — (l‘, gDo(l), (’U(] , U1 — llvo gy Up1 — lrfl’l)(])) .

Combining this with (1) induces the isomorphism we are looking for namely

<5”0'1.7\/0 is_0> U, x C'xC
(z,00(0), (o, ..., vr—1)) — (x,9¢0(]),v0).

In order to finish the proof one also needs to check the cocycle condition.
However, this is immediate as we have just shown that % is a submanifold
of 7*E which is a vector bundle of rank r on P(F) and each fiber of . is
a vector subspace of the corresponding fiber of 7*FE. Hence, this allows us
to extract by restriction a set of cocycles for . which then obviously satisfy
the cocycle condition. O
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We are now ready to state the Leray-Hirsch Theorem in this context:

Theorem 2.4.1 (Leray-Hirsch). H*(P(E),Z) is a free H*(X,Z)-module
generated by 1,£,€2,...6""1 ie. everya € H*(P(E),Z) can be written in a
unique way as a =ag-1+ay -+ +ap_1- &1 with a; € H(X, 7).

Remark 2.4.2. We view H*(P(FE), Z) as a module over the ring H*(X, Z) by
defining scalar multiplication by a - & = 7*(a) — &, for a € H*(X,Z) and
Ee H*(P(E),Z2).
The interested reader can find a proof of the Leray-Hirsch Theorem in [4] p.
606 or in [10] Theorem 2.1.2 p.30-31.
Now, consider £" = ¢ — --- — & € H?(P(E), Z). Using the Leray-Hirsch
|\

r times
Theorem we know that £ can be written in a unique way as

(1) §=bo-T4br-E4-+b1-8,

where b; € H*(X,Z) and - denotes the scalar-multiplication we have in
H*(P(FE),Z). Let us have a closer look at the coefficients b; € H*(X,Z) =
®H*(X,Z). Any single one can be decomposed in a sum b; = > b;; where
bij € H(X,Z). Hence, b; = > bio(r—i) + Z#Q(Pi) bij. From this it follows
that &" =Y bt = biQ(T_i)fiJijﬁ(r_i) bi;€'. Note that the first sum lies
in H?"(P(E),Z) whereas the second sum does not have any term in degree
2r. From this we conclude that 2#2(7,_1-) bijﬁi =0, ¢.e. we just showed that
ZJ.#Q(Pi) b;; = 0,V: which allows us to conclude that b; € H?*=)(X, 7).

These considerations allow us now to define rigorously the ith Chern
class of a vector bundle of rank r:

Definition 2.4.3. Let E be a vector bundle of rank r on a complex manifold
X of dimension n. For each ¢ = 0,1,...,r we define the ith Chern class
ci(E) € H¥(X,Z) by the requirement co(E) = 1 and

D ci(B)-£& =0

1=0

in H?"(P(E),Z), i.e. ¢;(E):= —b,_; (using the unique decomposition given
by equation (1)).
For convenience we define the total Chern class

c(E)=cy(E)+ci(E)+- -+ c(E)
and the Chern polynomial

c(E) = co(E) + c1(E)t + - + e, (E)t".
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Remark 2.4.4. Chern polynomials present the big advantage that they keep
track of the degree of the Chern class during computations so that no con-
fusion is possible. This is very useful when we try to compute the different
Chern classes of a given vector bundle by means of Chern classes of other
vector bundles we already know. (Have a look at axiom A2 hereafter.) We
will feel the power of this tool with help of the examples given here below.
Moreover, notice that by definition, for a vector bundle E of rank r on a
complex manifold X of dimension n, we only consider r + 1 Chern classes
ci(E) € H*(X,Z) for i = 0,1,...,7. For i > r we have that ¢;(F) = 0 (cf.
Theorem [2.4.1). From this we immediately conclude that for an arbitrary
line bundle L on X we only consider its 0-Chern class which is by default set
to be 1 and its first Chern class. In other words the Chern polynomial of an
arbitrary line bundle L on X is given by ¢;(L) = ¢o(L)+¢1 (L)t = 1+ ¢ (L)t
Finally, observe that any Chern class ¢;(E) € H*(X,Z) lies in a cohomol-
ogy group of even degree, i.e. according to Theorem the cup product
between arbitrary Chern classes is commutative.

Axiomatic approach of Grothendieck (Based on [0] p.430).

Al. (Naturality) If f: X — Y is a holomorphic map of complex manifolds,
and F is a vector bundle of rank r on Y, then for each ¢

ci(f*E) = frei(E).

A2. (Additivity) If 0 - E' — E — E” — 0 is an exact sequence of vector
bundles on X, then
Ct(E) = Ct(E/) . Ct(E//).

A3. (Normalization) If £ = L is some line bundle on X. Then P(L) = X,
and O[P(L)(l) = Ox(l) = L*, i.€. f = Cl(L*).
Indeed, by definition:

co(L)-E+a(l)-1=0 & &+a(l)=0
o £=—a(l) =a(l).

Remark 2.4.5. There are several different approaches to define Chern classes.
Here in this paper we gave the definition with help of the Leray-Hirsch The-
orem, which immediately ensures uniqueness. Analogously, one could also
have defined Chern classes by the preceding three axioms. This is then well
defined, since any two theories which respect these three axioms are actually
equal and so give rise to the same Chern classes. (The interested reader may
find more details about this in [12] Theorem 5.12.)
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Note that the previous three axioms are actually just consequences of Def-
inition In fact, axiom A3 is a direct application of it and shows that
it is compatible with Definition of the first Chern class of line bundles
which we already met in section For axiom Al (cf. section 5.4 in [12].),
observe that a holomorphic map f : X — Y induces a fiber bundle map
u:P(f*E) — P(F) which makes the following diagram commute:

P(f*E) —— P(E)

A, b

X ——Y.

From this diagram one gets the following commutative diagram:

H*(P(f*E)) «“— H*(P(E))

r—1

Thus, when applying u* to both sides of the equality > ; jci(E) & =0
we obtain that

,
u” (Z ci(E) - T_i> =0 »*(0) =0 as u* is a ring hom.

1=0

s uf (Zr: 7y (ci(E)) - E_Z> =0 cf. Remark 2.4.2]
=0

& iu* (73 (ci(E))] - u* (€)= 0 u* is a homomorphism of rings
=0

& iw}(f*cZ(E)) ~u*(€57") = 0 comm. of the above diagram
1=0

& ZT: i (ffei(E)) - (u*(€g))"" =0 w* is a homomorphism of rings
=0

& ZW}(f*cZ(E)) . E;:ﬁ; =0 we use u*(¢p) @ ErE
i=0

'
& Z ffei(E) - f}:& =0 cf. Remark
i=0

(1): Let us denote by .#y the tautological bundle on P(E) and by .“x
the tautological bundle on P(f*E). We know that {g = c¢1([-#5]) and
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that {p+p = c1([.7%]). According to Remark the following diagram

comimutes:

1] € H' (P(B), Of ) ) —— H2(P(E),2) 5 &

(73] € H' (P(f*E), Of jery)) == H (P(f*E), Z) 5 &

By definition of the tautological bundle we have that x = u*.%%. This,
together with the commutativity of the preceding diagram, allows us to con-
clude that u*(£g) = k.

Moreover, by definition, we also have that

T

>l *E) €ip =0

=0

so that together with the Leray-Hirsch Theorem one comes to the conclusion
that

a(f*E) = [ei(E).
For axiom A2 the interested reader can find the details of the computations
in section 5.6 of [12].

Remark/Example 2.4.6. Imagine that there is an exact sequence of vec-
tor bundles 0 - E' — E — E” — 0 such that ¢;(E') = 1+ ¢1t and
ct(E") = 14 cot?. Then ¢(E) = ci(E') - ct(E") = (1 + c1t) - (1 + cat?) =
1 4 c1t + cot? + c1cot® by A2. Here it is important to always keep in mind
that the products involved are actually cup products. By simplicity we will
denote these cup products by simple multiplication symbol instead of —.

Finally, as we have seen in Remark the cup product is commutative for
Chern classes, i.e. here we have that ¢;(E) = ¢;(E')-ci(E") = ci(E") -t (E').

Example 2.4.7. Let I be the trivial line bundle on X, and let us consider
the exact sequence 0 - I — I &I — I — 0. In Remark we have
already seen that ¢;(I) = 14 ¢ (I)t. Using axiom A2 we get that ¢,(I 1) =
ct(D)-ci(I) = (14 (Dt)-(1+c1(Nt) = 14+ (Dt+ey (Dt +e1 (1) - e (1?2 =
1+ 2c1(Dt + c1(I) - e1(I)t?. However, as we have established in Example
we know that ¢;(I) = 0, so that finally ¢(I) = 1. In other words
we conclude from this that co(I ® 1) = 1,c1(L & I) = 0,c2(I & I) = 0 and
consequently we get that ¢( & ) = 1.

Example 2.4.8. Let L; and Lo be two line bundles on X, and let us consider
the exact sequence 0 — Ly — L1 ® Ly — Lo — 0. We know that ¢;(L1) =
1+ c1(L1)t and that ¢:(L2) = 1+ ¢1(L2)t. Using axiom A2 we get that
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ct(L1 @ Lo) = ci(Ly1) - ci(L2) = 1+ e1(La)t + e1(Ly)t + e1(Lq) - e1(Lo)t2.
From this we conclude that co(Ly1 @ Lo) = 1, ¢1(L1 @ Lo) = ¢1(L1) + co(L2)
and co(Ly @ Lo) = ¢1(L1) - c¢1(L2) so that the total Chern class is given by
c(Ly @ Lo) =14 c1(Ly) + ca(La) + c1(Lq) - c1(La).

Similarly, one can repeat these computations for an arbitrary extension 0 —
Ly - FE — Lo — 0 and get the same result. From this one concludes that
Chern classes do not see different extensions in the sense that they do not
allow to distinguish them.

Example 2.4.9. We can extend by induction the arguments of the preceding
Example in order to compute the Chern classes of the vector bundle F of
rank n defined by the direct sum of n different line bundles L1,..., Ly,
ie. B =L1®Ly®---P Ly In what follows we will simplify notation
by setting ¢’ := ¢1(L;),i = 1,...,n. From axiom A2 we get that ¢;(E) =
ci(Lr)-ei(Lo) -+ ct(Lp) = (1+ctt)- (1+c?t) - (14 c"t). From this we
conclude that

CO(E) = 1,

a(B)=c +F+- 4" = Z c,

1<i1<io<-<in<n

From these computations we realize that the different Chern classes of this
vector bundle of rank n can just be obtained from the knowledge of the
first Chern classes associated to the involved line bundles in the direct sum.
Indeed, by axiom A2 we have just established that the total Chern class of
Eisgiven by ¢(E) = (1 +c)-(14c%)----- (1 4+c).

It is also interesting to observe here that the computations of the different
Chern classes give rise to elementary symmetric polynomials in n variables

ct.e? ..
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Remark 2.4.10. Combining the results of the exercises and one
immediately obtains that the total Chern class of the trivial bundle I of rank
n which can be decomposed into the following direct sum [ = 1 ® oD - - D1,
where I; is the trivial line bundle on X, is just ¢(I) = co(I) = 1, since
¢i(I)=0,foralli=1,...,n.

Example 2.4.11 (Application of axiom Al). Let X be the complex projec-
tive space of dimension 2 (X = CP?). Consider L := {(x1,22,0) | 1,22 € C}.
Clearly, we have that L C CP? and moreover L ~ CP!. Now, let E be a
vector bundle of rank r on CP? such that E|; ~ L x C". We are interested
in computing the first Chern class of E.

Therefore, let us denote by ¢ the inclusion map L <y CP2. We then get
a map H* (CP?) AN H*(L). Since L ~ CP! and ¢(F) € H?*(CP?,Z7),
we have that i*(c;(E)) € H?(CP!,Z). Moreover, using Theorem we
have that ¢* € Hom(Z,Z) ~ Z. The map ¢* is then injective since it is
nontrivial (have a look at the next claim). By axiom Al we have that
i*(c1(F)) = c1(*E) = ¢1(L x C") = 0 since L x C" is a trivial bundle (cf.
Remark 2.4.10). From the injectivity of i* we conclude that ¢, (E) = 0.

In fact, the map ¢* is even an isomorphism, as it maps the canonical gen-
erator = of the cohomology group H?(CP?,Z7) (i.e. x = c1 (.#*), where .¥
is the tautological line bundle on CP?) to the canonical generator 2 of the
cohomology group H?(CP!,Z). Below we will prove this fact for the general
case, i.e. for the inclusion map i : CP! — CP™.

Claim. * : H?(CP",Z) — H?*(CP!,Z) is an isomorphism.

Proof. Recall that the pullback bundle 7*FE of a vector bundle F of rank r
generates the following diagram:

TE=P(E)xEC P(E)x E——E
X
l »

and satisfies the equality 7(z) = p(v) for any tuple (z,v) € 7*E. Now,
consider the vector bundle C"* — {z}, i.e. the underlying manifold consists
of one single point. Applying the Leray-Hirsch theorem to this vector bundle,
we get that —ci (Ocpn(—1)) generates H2(CP", 7).

For E = C""! we get the following diagram:

o C"t ¢ CP" x Chtl —— ¢ntl

J»

CP" —— {a}.
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Moreover, notice that i* (Ocpn(—1)) ~ Opp1(—1).
Indeed: By definition of the tautological bundle . we have that . C CP" x
C™*1. From this it follows that ¢*. C ¢* (CP™ x C™"*1).

*7 C i (CP" x C"T) ——= CP" x C"*! O .

)

CP! ! CP™.

Let us have a closer look at ¢* ((E[P” X C”+1). We have the following diagram:

i (CP" x C"*1) C CP! x CP™ x € —— CP™ x ¢!

| |

CP! , CP™

and by definition
i (CP™ x €"*1) = {(z,y,v) € CP! x CP" x C"*! li(z) =ply,v)},

where = := (xg,21), ¥ := (Y0, Y1, .-, Yn) and v := (Vo, V1, ..., Up).
Then,

i(x) = p(y,v) & i((zo, 1)) = (Y0, Y1, -+ Yn)
< (20,21,0....,0) = (Yo, Y1, - -+, Yn)-

This allows us to conclude that

i ((]:[Pn X CnJrl) = {(<$0,l’1>, <x0,x1,0, . ,O>, (1)0,111, - ,vn))}
~ CP! x C"H1,

so that i*.# corresponds to the tautological subbundle in CP! x C? C CP! x
C™l g i* (Ocpn(—1)) ~ Ogpr(—1).
Effectively, we have that i*. C CP! x . and by definition we know that
it
={(z,y,0) €CP' x 7 |v € y,i(z) = p(y,v)}
~ {(<330,I1>, <a:0,$1,0, ceey 0>, ()\xg, Azx1,0,..., 0)) ‘ <.I0,.’L‘1> S C[Pl, AE (D}
~ { ({xg, 1), (A\zo, Ax1)) | (20, 21) € CPL, X € C}.
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Finally, as ¢; is a morphism of rings and using the fact that i* (Ogpn(—1)) ~
Ocp1(—1) we conclude that

| —ca(Ocpr(=1)) | =—c1 (" (Ocpn(=1))) = —c1(Ocpr(—1))
generator o;rHQ(C[P”,Z) generator OFHQ(C[Pl,Z)

Hence, i* : H?(CP",Z) — H?(CP!,Z) is an isomorphism as it maps a gen-
erator to a generator. O

2.5 Chern Character & Todd Class

2.5.1 Chern Character

In order to give the definitions of Chern character and Todd class we need to
understand the splitting principle which is a technique that enables questions
about Chern classes of vector bundles to be reduced to the case of line
bundles:

Theorem 2.5.1 (The splitting principle). Let E be a vector bundle of
rank r on a complex manifold X. Then there exists a holomorphic map of
complex manifolds f :' Y — X such that H*(X) EAN H*(Y) is injective and
such that ¢;(f*E) = f*c;(F). Moreover, there exist line bundles Ly, ..., Ly
on'Y such that c¢;(f*E) = [1i_; ct(Li).

Proof. First, note that for a given holomorphic map of complex manifolds
f:Y — X the formula ¢;(f*E) = f*c;i(E) is just axiom Al of Grothendieck’s
axiomatic approach.

The result ¢,(7*E) = [[i_; c:(L;) is obtained by induction on the rank of
the vector bundle E. For the case of line bundles there is nothing to prove.
For r > 1, we get a line subbundle . of 7*E on P(E) and therefore a short
exact sequence of vector bundles on P(E):

0— —=7"(FE)—Q—0.

where @ is the quotient bundle 7*(FE)/.. This exact sequence together
with axiom A2 of Grothendieck’s axiomatic approach allow us to derive by
induction the desired formula ¢;(7*E) = [[;_; ¢t(L;) for an arbitrary vector
bundle E of rank r. Below, we will write down the computations for the
cases r = 2 and r = 3 before proving the general case by induction.
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(i) r=2
We take Y = P(F) and f =7 : P(E) — X. Then by the Leray-Hirsch
Theorem H*(X) can be naturally seen as a subring of H*(P(FE)) via
the homomorphism 7* : H*(X) — H*(P(E)). We know the following
short exact sequence:

0— & —-7a'E—>Q=1"E/Y =0,
<~ =~
1 r 1

where the numbers below the vector bundles indicate their rank.
By setting Ly := . and L2 := Q, we get the following short exact
sequence of vector bundles on P(E):

00— Ly —>7n"E — Ly — 0,
which allows us to conclude by means of axiom A2 that

c(m*E) = ¢ (Ly) - ei(L2).

(ii)) r=3
We know the following short exact sequence:
(1) 0—)\5’:1/—)7TE—>Q1:7TE/¢¢1—>0,
1 T 2

where S7 denotes the line subbundle of 7*E on P(E).

We set Ly := 7.

Now, consider the corresponding projective bundle P(Q1) ML P(E)
and pullback @; to P(Q1) along 71 in order to obtain 77Q;. Let us
denote by Sy the line subbundle of 7{Q1 on P(Q1). We then get the
following short exact sequence:

0= S —7mQ1— Qa=m1Q1/F2 — 0.
1 1

We set Lo := %% and L3 := Q2. Since the pullback of a short exact
sequence of vector bundles preserves the exactness of it, we can pull-
back the short exact sequence (1) along 7 in order to get the following
short exact sequences of vector bundles on P(Q1):
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(iii)

0

!
L,

:
0—mL —mm'E—m@Q—0

e

L3

!

0

?

which allow us to conclude by means of axiom A2 that
cl(mim*E) = ei(miL1) - ct(La) - e¢(L3).

This gives us the desired result since through the Leray-Hirsch Theo-
rem we have the following inclusion of modules: H*(X) C H*(P(E)) C
H*(P(Q1)) so that finally: (Y =P(Q1), f =mom)

ci((mom ) E) = ¢y (L) - ci(L2) - ¢ (L3),
where L] := 75 L.

n—n+1l
Assume the Theorem is true for any vector bundle E of rank n on a
complex manifold X, i.e.

n
ci(f*E) =[] er(La),
i=1
where f : Y — X is holomorphic, f*: H*(X) — H*(Y) is injective
and Lq,..., L, are line bundles on Y.
Let E’ be a vector bundle of rank n + 1 on X. We have the following
short exact sequence of vector bundles on P(E’):

0— & -1'E -Q=7"F'/% =0,
<~ T .
1 n+1 n

which allows us to conclude by means of axiom A2 that

(" E') = () - al(Q),

where ) is a vector bundle of rank n on P(E’). Hence, we can apply
our induction hypothesis in order to get a holomorphic map f':Y’ —
P(E') such that ¢;(f*Q) = [[;-, ct(L}), where f™* : H*(P(E')) —
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H*(Y') is injective and L/,..., L] are line bundles on Y’. Now pull-
back . to Y/ along f’ respectively 7*E’ to Y’ along f’ in order to get
f*. respectively f*m*E’ so that finally:

a((mo f)E") = a(f*7) alf"Q)
— f/*y H
=1

n+1

= [l ez,
=1

where L;, | := f*.#. The map 7o f’ is clearly holomorphic as it is
the composition of 2 holomorphic maps and the injectivity of (7w o f/)*
is also evident as it is the composition of 2 injective maps.

Finally, the injectivity of f : Y — X follows from the Leray-Hirsch
Theorem by the construction of f.

O]

Remark 2.5.2. The splitting principle allows us to conclude that if some for-
mula with ¢;(7*E) is true in H*(P(F)) then the “same” is valid for ¢;(F) in
H*(X). This follows from the injectivity of the map f*, which tells us that
one can embed H*(X) in H*(P(FE)). In other words, the Chern polynomial of
a given vector bundle E of rank r can always be seen as ¢;(E) = [[;_, (1+a;t)
where the a;’s are just formal symbols called Chern roots. More precisely,
one formally writes E as a direct sum of r line bundles, i.e. £ = ®]_;L; and
one has that a; = ¢1(L;).

Exercise 2.5.3. (Based on Proposition 3.2. in [I].) Using the splitting prin-
ciple, we can also calculate the Chern classes of tensor products eagily. Let
be a vector bundle of rank r and E’ a vector bundle of rank s. According to
the splitting principle one can write E and E’ formally as E = L1 ®---&® L,
and B/ = L} ®--- ® L so that

ct(E) = H(l + a;t)

and
a(E) =]+ bit),
i=1

where ay, ..., ay, bi,...,bs are just formal symbols such that a; = ¢1(L;) and
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bj = c1(L%). Then we have:

(E®E) = c((Li® L) (L)oo - ®L)))
= ¢ ZLZQ@L;
= Hc L;® L))
= H(1+01(Li)+61(L3)>

i7j
= [ +a+0)),

0]

where we use the fact that ¢;(L; ® L;) = ¢1(Li) +c1(Ly), (cf. Remark [2.3.3)).
Finally, we just showed that

a(E®@E') =[]+ (ai + b;)t).
i?j
Definition 2.5.4 (Chern Character). Let

r

a(B) =[] + ait),

i=1

where the a;’s are the Chern roots of . Then we define the Chern char-
acter of E by

=1
where
i " 1+ +1 +1 + L + -
— = T T T — gt
A= m! 2 6 24

Remark 2.5.5. The Chern character is a symmetric expression in the a;’s,
so by applying the splitting principle it can be expressed as a polynomial in
the ¢;(E), with rational coefficients. Below, we give the first five terms of
this polynomial. The computations are detailed in Exercise

1 1
ch(E)=r +c + 2 (C% — 202) + 5 (c‘;’ — 3cico + 303)
1
+ B (c‘l1 — 4ctcy + 4ejez + 263 — 404) +

where we set ¢; = ¢;(F), ¢; =01if i > r.
From this interpretation one easily concludes that ch(E) € H*(X,Z) ® Q.



CHAPTER 2. CHERN CLASSES 50

Example 2.5.6. Let us check the equality of the preceding Remark for some
vector bundle E of rank 2.

Therefore, imagine for example that £ = L @ Lg, where L; and Loy are
two line bundles on X. In Example we have established that ¢(F) =
H?:1(1+c1(LZ-)) =14c1(L1)+ci1(La)+c1(Ly)-e1(La). According to our for-
malism we have that ¢;1(L1) = a1 and ¢;(Lg) = ag so that from the preceding
equality we immediately conclude that ¢1(E) = a1 + a2 and c2(E) = aq - as.
By definition we have that

2
ch(E) = Ze‘“

=1
= M +e*?
12 13 12 13
= 1+a1+§a1+6a1+"' + 1+a2+§a2+6a2+“'

= 2—|—a1+a2+%(a%—|—a%)—|—é(a‘;’+a§)+-~-.

Now, we already know that a; + ag = ¢1(F). Moreover, we have that
(a% + a%) = (a1 + a2)? — 2a1a3 = c1(E)? — 2¢3(E)
and

(af +d3) = ((a1 +a2)® - 3a3az — 3a143)
= ((al + a2)3 — 3aqaz(al + CLQ))
— (Cl(E)3 — 362(E)01(E)) .

This allows us to conclude that

1 1
ch(E) =2+a1+az+ 5 (af +a3) + = (af +a3) + -

2 6
=2 + Cl(E) + % (Cl(E)2 — 2C2(E))
+ é (c1(E)? — 3c1(E)ea(E)) + -+

1.e. we end up with the equality given in Remark [2.5.5]

Exercise 2.5.7. Let us check the equality given in Remark for the
general case, and let us even try to compute the next term of it. Therefore, let
E be an arbitrary vector bundle of rank n and ay, .. ., a, be the corresponding
Chern roots, i.e.
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cl = E ai,
i
C2 = g a;ayj,

i<j

Cc3 = E aiajak,

i<j<k

Cp — E A Agy ** * Qg -

i1 <ig < <ip

By definition, we have that

_n+<2ai+22a?+é2af+2142af 1202a+ )
:n+C1+<Za+ Za—i— 24 1202a+ )

SN0

> ;a

1<j
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°* > a?

3
Za?z (ZaZ) —3Za?aj—6 Z a;a;ag
i

i i#j i<j<k

=cf - BZaiaj(ai +a;) — 6c3

1<J
:c:{’—?)g a;aj | c1 — E a, | —6cs
i<j p#ij
= c:f —3cico + 3 E a;a; E a, — 6¢3
i<j p#i,j
= c:f —3c1c0+ 9 g a;a;jay — 6c3
i<j<k

= c:{’ — 3cico + 9c3 — bc3

= c‘;’ — 3ci1co + 3¢3

[ J
N
sg,p

4
Z:a;1 = (Zai> —4Za?aj—62a?a?

7 i#£j 1<j
—12 Z a?ajak —24 Z ;G a]
i#j,k 1<j<k<l
i<k

@ al = d -1 ey 03 dtd 12 Y alojas—2te
i i#] i<j gk
~—— N—— J<k
(1) (2) T
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(3)
Z a?ajak = Z a;ajar(a; + aj + ay)

1#7,k 1<j<k
i<k
= E a;azag | €1 — E ay
i<j<k nFLgk
= C1C3 — E ;5 QE E Gy
i<j<k nFi,g,k
— C1C3 — 4 E a;Q Qa1
1<j<k<l
= C1C3 — 464

Z ala; = Z a;aj(a? + a?)

i#j i<j
=2 it | D i =D a
i<j g
= E a;a; C%—QCQ— E ai
i<y HFj
2 2 2
= cjca — 2¢5 — g a;a; E a,
i<j pFij
= cley — 2¢5 — E a? Jajag
i#7,k
i<k

= C%CQ — 203 —cic3 + 4ey

2

2 2 2
g a;aj = E a;a; -2 E ajajar — 6 E a;0jaa

i<j i<j i#£j,k i<j<k<l
j<k

= C% — 2(6163 — 464) — 664

= c% —2c1c3 + 2¢4
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Finally,
Z a} = ¢ —4(clea — 25 — crez3 + 4eq) — 6(c3 — 2¢1¢3 + 2¢4)
i

- 12(0163 - 404) - 2404

Z af = c‘ll — 40%02 + 86% + 4cieg — 16¢4 — 603 + 12c1c3 — 12¢4

— 12c1c3 + 48cy — 24¢y

3

Z af-‘ = ci‘ — 46%02 +4cics + 20% —4ey

i

[ ]
N
sggn

5
Z a? = (Z ai> -5 Zafaj - 20 Z a?ajak
i

i i#] i#jk
i<k
- 102@?@? — 30 Z a?a?ak — 60 Z a?ajakal
i£j k#i,j ik,
1<J j<k<l
— 120 Z ;0§ ALaAIAm
1<j<k<l<m
=
Z al =cf -5 Z a?aj —20 Z af’ajak —10 Z a?a?
i i#] i#g,k Gall
N— J<k N—_—
(17) %,’—/ (37)
(2)
—30 Z a?a?ak —60 Z a?ajakal —120c¢5
k#i,j i35kl

1<J J<k<l

(4) (5)
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(57)
E a?ajakal = E aajarar(a; + aj + ap + a;)
]k, i<j<k<l
j<k<l
= E a;ajaEar | €1 — E ay
i<j<k<l ikl
= C1C4 — E aiajakal E CLM
i<j<k<l wFELG Kl
=cicy — 5 E ;0 ARa
i<j<k<l<m
= C1C4 — 565
(27)
3 2 2 2
E ajajay = E aiaja(a; + aj + aj)
i#]k i<j<k
j<k
= E a5 QE E af - E CLZ
i<j<k i pi gk
= E a;a;ay c% — 2¢c9 — E ai
i<j<k w5,k
2 2
= c3(c] — 2¢2) — E a;ajay E a,
i<j<k Wiy g,k
_ 2 2 2.
= C1C3 — 4C2C3 — a; a;aEa]
i#5,k,l
J<k<l

= C%Cg — 2c9c3 — c1¢4 + Doy

55
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= E aiajak(aiaj + a;a + ajak)
i<j<k

= E a;a;ap | €2 — E QB — E Gy, ay

1<j<k a,B7#i,5.k pFa,B
a< v#i,j,k
pu<v

= C2C3 — E aiajak E aaa5 — E aiajak E aual,

i<j<k B,k i<j<k pta,B
a< v#i,j,k
p<v

= cocg — 10 Z a;a;aRa am — 3 Z a%ajakal

i<j<k<l<m i,k
J<k<l

= cocg — 10c5 — 3c1¢4 + 15c5

= c9c3 — 3c1c4 + Doy

(1)
Z ajaj = Z aaj(a; + a?)

i£] i<j
— . 3 3
_5 a;a; E a; — E a,
i<j i HF]

_ 3 3
= aaj | ¢f — 3cica + 3c3 — a,
i<j e
= c‘rch — 3616% + 3cocy — g a;a; E ai

i<j i,
= C?CQ — 30103 + 3cocy — E a?ajak

i34,k

j<k

= ci{’cz — 30103 + 3cocy — 0%03 + 2coc3 + ¢1¢4 — Dey

= C?CQ — 3616% + 56263 — C%Cg + c1c4 — 505

56
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(3
Z a?a? = Z a?ajz-(ai + a;)

i#] 1<j
_ Z 2 2 Z
- a,i aj Cc1 — Ay,
1<j HFLT

2 2 2 2

= c1(c5 — 2c103 + 2¢4) — g a;a; E a,
i<j N

= clcg — 20%03 + 2c1c4 — E a%a?ak
k#i,j
1<J

= Clc% — 26%03 + 26104 — CoC3 + 30104 — 565

= clcg — 20%03 + 5cicq — coc3 — ey

Finally,

Z ai = ¢ —5(clea — 3e1c3 + beacs — cies + cieq — 5es)
i
— 20(0%63 — 2c9c3 — c1c4 + Des)
- 10(0103 — 20%03 + bereq — cacs — bes)
— 30(6203 —3cieq4 + 505) — 60(6104 — 565) — 120c¢5

=

Z a? = c‘rl’ — 5021)’02 + 156103 — 25¢oc3 + 50%03 — bcycyq + 25¢s

i
— 20c%c3 4 40coc3 + 20cicq — 100cs — 10¢i¢3 + 20¢ics
— 50cy1¢4 + 10coc3 + 50c5 — 30cac3 + 90c¢icq — 150c¢s
— 60cicq4 + 300cs — 120c¢5

)

a’ =3 — by + 5eycd + 50203 — Begcg — Hepey + Hes
i 1 1 2 1

57

It turns out that there exists a nice recursive formula generating each
term of the Chern character of a vector bundle in terms of its Chern classes.
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Let E be a vector bundle of rank n and let a,...,a, be its Chern roots.
Define
n
Y= Za’g,
i=1

i.e. the degree r term ch, of the Chern character ch(F) is given by ch, :=
%E,.. We then have the following Proposition:

Proposition 2.5.8. Let E be g vector bundle of rank n and let ay,...,ay
be its Chern roots. Then,

27"-1-1 =128, — CoXp_q +C3Mp2 — -+ (_1)T(T + 1)CT+1'

Proof. For r =0, we get
Zl =C1.

For r =1, we get

Yo = 121 — 2¢

=} —2c.
For » > 2, we have that

Er~21 = 27«-61

- (5912

7
_ r+1 4 ro.
- ai ai1a‘12
i

17440
T
= S+ Y afa,
i100
i.€.
T
Zr+1zclz7»_ E ai1a¢2.
1700
Now,

ro _ o r—1 r—1
§ Q3 Qiy = § anau(az‘l +a, )

11#£12 11 <12
r—1
= E @iy Ay | 2po1 — g a,
11 <12 /L;ﬁihiz

r—1
= CoXp_1— E ai; iy E a, .

11 <t2 Wi ,i2
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Notice that,

E - ) § q
Ay Qi - - - Q) a,

i1 <ig < <ip iy
o . -1 4 a=1 4 4]
Z¢1<z‘2<~-<z’p+1 iy Qi - - - Ay iy (ail +a;,  + + @) 4 > 2
(p+1) Zz‘1<i2<-~<z‘p+1 iy Gy - - - Qi) Qi g=1

q—1

Cpt1 - Yg—1 — Zi1<i2<~~-<ip+1 Ay v v Qg Zp#l,...,z’pﬂ ap G =2

\ (p+ 1)ept1 q=1.

Applying this recursively yields the desired formula

Zr-{-l = 6127» — CQET_l + ngr_g — et (—1)T(T + 1)Cr+1. ‘

O

Example 2.5.9. Let us apply the recursive formula seen in Proposition [2.5.§]
for r = 2,3,4,5.

o r=2
Y3 = 129 — 21 + 3¢3
= cl(c% — 2¢9) — c1c2 + 33
= c‘i’ —3cica + 3c3
e r—=3
Y4 = 123 — codo +c3X1 —4dey
= cl(c§ —3ci1c9 + 3¢3) — CQ(C% —2¢9) 4 c1c3 — 4ey
= ¢ —3cico + 3cics — cfea + 265 + cres — dey
= ] —4ccy +4deies + 263 — dey
e r=4

Mg = €124 — €223 + €329 — c4231 + Des
= c1(cf — 4ctcy + deres + 262 — dey) — ea(c — 3eiep + 3¢3)
+ c3(c? — 2¢) — creq + Bes
= c‘i’ — 40?02 + 40%03 + 20103 —4cieq — c:ch + 30103 — 3cacs
+ 0%03 — 2c9c3 — c1¢4 + Des

= c? — 50‘?02 + 5016% + 50%03 — beacy — dejeqg + des
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All of this is in agreement with the computations we have already
made in Exercise[2.5.7] Let us now compute with help of this recursive
formula the 6" term of the Chern character:

er=>5

Y = 125 — 224 + €323 — ¢4200 + 521 — bcg

= cl(c? - 50‘;’02 + 50163 + 50%03 — beges — Hejeq + bes)
— 02(0411 — 40%02 +4eie3 + 2c§ —dey) + 03((::% — 3c1e2 + 3¢3)
— 04(0% — 2¢9) + c1c5 — b

= cff — 50‘1102 + 50%0% + 50‘%03 — dcicacs — 56%64 + 5cic5
— 041102 + 46%6% — 4cre9c3 — 203 + deocy + c‘rfc;z, — 3cicoc3 + 3c§
— 0%04 + 2cocy + c1c5 — bcg

_ 6 4 3 22 2

= ¢| — 6cjca + 6¢ic3 + 9cicy — 12¢1cac3 — 6¢jca + bcic5

+ 6cacy + 3C§ — 2¢3 — 6cg

Remark 2.5.10. The expressions we have established here for 3, , are known
under the name of Newton’s identities.

Example 2.5.11. Let L; and Ls be two line bundles on X. Then using the
equality given in Remark [2.5.5] one concludes that

1 1
ch(L1) =1+ c1(L1) + 501(111)2 + 601(1/1)3 toe=earll)

and 1 ]
Ch(LQ) =1 + 01(L2> + 501([/2)2 + 601(L2>3 4+ o= ecl(LQ).

Moreover, using the definition, we have already seen in Example that

ch(L1 ® La) =2+ c1(L1) + 1 (L) + % (01(L1)2 + C1(L2)2)

42 () + ealla)) +-

which is nothing else than the sum ch(L) + ch(Ls).
One could also get this result directly from the definition:

ch(Ly & Lg) = ) 4 ¢a1l2) — ¢h(Ly) + ch(Ly).
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Furthermore, we have already seen in Remark that ¢;(L; ® Lo) =
c1(L1)+c1(L2), so that using the equality given in Remark we get that

ch(Li ® L) = 14 c1(L1) + c1(L2) + % (c1(Ly) + e1(La))?

+ o (el +erlla) +o

which is nothing else than the product ch(Lq) - ch(Lsg).
One could also get this result directly from the definition using the properties
of the exponential map:

Ch(L1 ® LQ) _ e01(L1®Lz) — 601(L1)+c1(L2) — ec1(L1)ec1(L2) — Ch(Ll) . Ch(LQ)

For the next considerations around the Chern character, we need to in-
troduce the Grothendieck group K(X) in the context of vector bundles.

Definition 2.5.12 (Grothendieck group). Let V(X) denote the free
abelian group generated by all vector bundles on X. Consider I(X), the
subgroup generated by E” — E+ E’ for vector bundles E, E’, E” which define
a short exact sequence 0 -+ E” — E — E’ — 0. Then the Grothendieck
group K (X) is defined as

K(X)=VE) g5,
where the sum of [E,], [Es] € K(X) is defined by
[E7] + [E] »= [En + Bl
Remark 2.5.13.

i) It follows immediately from the preceding definition that [E1 @ FEo| =
g
[E1]+ [E2]. Effectively, we then have a short exact sequence 0 — E; —
El D E2 — E2 — O, i.e. El — (El D EQ) + E2 S I(X) Hence,

[Er — (E1 @ Eg) + Eo] = [0] & [E4] — [E1 © E»] + [Eo] = [0]
< [Ey ® By = [En] + [Ea].

(ii) Let E1, Eg be two vector bundles on X. If F ~ Fj as vector bundles,
then there exists a short exact sequence 0 — Oyp — E1 — FEy — 0,
where Oy p denotes the identically 0-vector bundle on X, i.e. the fibers
correspond all to the {0}-vector space. From this we conclude that
[E1] = [E2] + [0y B]. However, we can write Oy g = Oyp — Oyp + Oy p
and we have that 0 — Oyp — Oyp — Oy — 0 is a short exact
sequence, so that Oyp € I(X). This means that [Oyg] = [0] which
allows us to conclude that [Eq] = [Fa].
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Proposition 2.5.14. The tensor product endows K (X) with a commutative
ring structure. More precisely, for [E1],[E2] € K(X) the product in K(X)
is defined in the following way:

[E7] - [E2] := [Eh @ Es).

Proof. Let us check that this is well-defined and indeed induces a ring struc-
ture on K(X).

o Well-defined

Let E; and E{ be two representatives of the same class as well as
Ey and Eb, ie. [Ey] = [Ej] and [E2] = [E}]. We want to show
that [E) ® Ey] = [E] ® E|. In other words, we need to prove that
E1®E,—FE{®FE} is an element of I(X). Since [E1] = [E}], we know that
E\—E{ =Y, (F'—F;+ F]) where 0 —» F/' — F; — F/ — 0 is a short
exact sequence of vector bundles for all i. Since [Es] = [E}], we know
that By — Ey = >, (G! — Gi + G}) where 0 = G/ — G; — G, = 0 is
a short exact sequence of vector bundles for all 7.

We can write the initial difference in the following way:

E1®FE,—E|QFE,=FE®@FE— E1® Ey+ By ® E), — E} ® E}.
Now, we have that

BB -E®E,=Y (B10G] -E &G +E®G)),

(2

where 0 — E1®G! — E1®G; — E1®@G,; — 0 is a short exact sequence
for all ¢, as tensorising by vector bundles does not affect the exactness of
a given short exact sequence. This shows that E1®FEy—E1QF) € I(X).
We also have that

E\®@E,—E @Ey=Y (F/ @Ey—F,®E,+F @ E)),
(2

where 0 — F/'®@ E}, — F, ® E}, — F! @ E}, — 0 is a short exact
sequence for all ¢, because again tensorising by vector bundles does
not affect the exactness of a given short exact sequence. This shows
that F1 ® F) — E{ ® B € I(X). Since both summands are in I(X),
this allows us to conclude that F1 ® Ey — E] ® E) is an element of
I1(X).

e Ring structure

1. Associativity:
Let [En], [Es], [E5] € K(X). Then,

(1] - [Ba]) - B3] € [Er © Bo] - [Es] € [(B1 ® Bs) ® E3).
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However, (E; ® E2) ® E3 ~ E; ® (F2 ® E3) as vector bundles.
Using Remark [2.5.13] we finally get:

(Bi] - [E2]) - [Bs] ¥ [(B1® Es)® E]
“2 1B @ (B © By)]
L (B [E© B
déf

[En] - ([B2] - [E3]).

This shows associativity.
2. Distributivity:
Let [E1], [F2], [Es] € K(X). Then,

([B1] + [B2)) - [B5) 2 [By @ By - [Bs] & [(By @ B») @ By

However, (E) @ F2) ® F3 ~ F1 ® F3® Ey ® E3 as vector bundles.
Applying Remark [2.5.13] we finally get:

(B + [Ba) - [Bs] “TE" (B0 B») © By
2B By @ By B
“20 B @ B3] + By © Es
(B [Bs) + B - [Bs).

The equality [E]-([E2] + [E3]) = [E1]-[E2]+[Eh]-[Es] is obtained
in a similar way.

3. Neutral element:
Let I denote the trivial line bundle on X. We know that for any
vector bundle E on X we have that / ® E ~ E as vector bundles.
Using Remark we get that:

def m(ii)

- [E]2 TeE =" [E].

The equality in the other way around will immediately follow from
the commutativity of this ring structure which we will prove as a

last step.
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4. Commutativity:
Let [E4],[E2] € K(X). We know that £} ® Ey ~ FEy ® E) as
vector bundles, so by applying Remark [2.5.13| we conclude that

B1] - [Bo] 2 [y @ o) 2 (B @ B1) & () - ().

O]

Remark 2.5.15. More details about K (X) can be found in section 2.1. of [§].
In Example we have established that ch(L; @& Lo) = ch(L;) + ch(L2)
and that ch(L; ® Lg) = ch(Lq) - ch(Lg) for any two line bundles L, Ly on
X. It turns out that this property holds true for any two classes of vector
bundles [E], [E'] on X from the Grothendieck group K(X). More precisely,
the Chern character is a ring homomorphism ch : K(X) — H*(X,Z) ® Q.
This is exactly the content of the following Theorem:

Theorem 2.5.16. The Chern character is a ring homomorphism
ch: K(X)— H(X,Z)® Q.

Proof. (Based on Proposition 28.4. in [14] and on Proposition 3.2. in [I].)
Let E € V(X) be a vector bundle of rank r and E' € V(X) be a vector
bundle of rank s. By the splitting principle we can formally write both vector
bundles as a direct sum of line bundles, i.e. £ = ®]_;L; and E' = &;_; L.
By linearity, we get a map ch : V(X) - H*(X,Z) ® Q such that
(1)

T

Ch(E®E) = ch(®]_, Li&i_ L)) = > _ e+~ 1) = ch(B)+ch(E').
i=1 j=1

This shows that V(X) b, H*(X,7Z) ® Q is a homomorphism of abelian
groups. In Remark 2.5.17following this theorem we will see that for a given
short exact sequence 0 — E” — E — E’ — 0, we have that ch(E) =
ch(E") + ch(E’). Together with the fact that ch : V(X) — H*(X,Z) is
a homomorphism of abelian groups, we get the following equality for any
vector bundles E, E', E” which define a short exact sequence 0 — E" —
E—E =0

ch(E" —E+E') = ch(E") - ch(E) + ch(E')
= ch(E") — (ch(E") + ch(E")) + ch(E)
= 0,

which shows that I(X) C Ker ch. Through the universal property, this
allows us to conclude that there exists a unique map

¢h : V(X)/I(X) = K(X) = H*(X,Z) 2 Q,
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which is naturally defined in the following way:
ch([E]) :==ch(E) VE e€V(X).

Moreover, in Exercise we have already seen that
ca(E® E') =1T[,; ;(1+ (a; + bj)t), so that

(2) ch(E®FE) = ZZ aitb; — Z a Z b = ch(E) - ch(E').

i=1 j=1
Finally, equations (1) and (2) together with Remark [2.5.13] allow us to con-
clude that

rem(i)

ch ([E]+[E]) "=

ch (|
e o (

[E & E')
E®E)
ch(E) + ch(E')

= ch([E]) +ch ([E"])

and

ch ([E]-[E]) € ch([EE))
(

i.e. the Chern character ch : K(X) — H*(X, Z)®Q is a ring homomorphism.
O

Remark 2.5.17. In Example we have seen that Chern classes do not
distinguish different extensions. This property is naturally inherited by the
Chern character as it is defined by means of Chern classes. More precisely,
for a given short exact sequence 0 — E” — E — E’ — 0 of vector bundles
on X, we have that

ch(E) = ch(E") + ch(E').

Effectively, we already know through axiom A2 that ¢(E) = ¢(E’)-c(E"). As
Chern classes do not distinguish different extensions we also have through
axiom A2 that ¢(E' @ E") = ¢(E') - ¢(E") (We considered here the short
exact sequence 0 - E' — E' @& E” — E” — 0). Combining these two
equalities we get that ¢(E) = ¢(E' @ E"), i.e. ¢;(E) = ¢;(E' @ E"). This
allows us to conclude that ch(E) = ch(E'@® E"). However, through Theorem
2.5.16] we know that ch(E’ & E") = ch(E’) + ch(E") so that finally, ch(E) =
ch(E") + ch(E").
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Exercise 2.5.18. Let E be a vector bundle of rank r and E’ a vector bundle
of rank s. In Exercise we have established a formula giving the total
Chern class of E ® E’ in terms of the corresponding Chern roots. From the
Chern character property ch(E ® E') = ch(E) - ch(E’) one can deduce a
formula in terms of the corresponding Chern classes. Below, we will write
down the computations for the first and second Chern class of £ ® E’.

By definition, we know that

ch(E) = r+c(F)+ % (cl(E)2 —2c(E)) + -+,

—_

ch(E")

s+ec(BE)+ - (ec(BE)? —2c(E) + -+ .

\V)

On the one hand, we have that
1
h(E®FE)=rs+c(E®E)+ 3 (c(E®E')? —2c3(E® E')) + -
On the other hand, we know that
ch(E ® E') = ch(E) - ch(E")
=rs+rci(E') + sci(E) + c1(E)ei (E)

+ g (c1(E')? — 2e5(E")) + ; (c1(E)? — 2¢2(E)) + -+

By identification of the preceding equations one concludes that

cA(E® E')=rci(E') + sc1(E),

(cl(E® E')? —2c2(E® E'))

| =

— c1(E)er(E') + g (cr(E')? = 2¢2(E")) + g (c1(E)? — 2c5(E))

=
1
c(E®E) = 5cl(E ® E')?

— (a(B)er(B) + S (e (B)? = 263(E) + 5 (e1(B)? = 202(E))

=

(E®E) = % (res(B') + se1(B))’ — (Ger(B)? + Se(B) + er(B)en (E))

+rea(E) + sca(E)
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=
(E@E') = % (P2 (c1(E)? + $2(c1(E))? + 2rsci(E)ei (E'))
- % (rei(E")? + se1(E)? + 2¢1(E)ei (E))
+rea(E') + sca(E)
=

B B) = 507~ (B + 5 = 9)(e1(E))
+ (rs — 1)c1(E)er(E') + rea(E') + sca(E).

Example 2.5.19. Let us check the formulas we have discovered in the pre-
ceding Exercise for E and E’ being vector bundles of rank 2, 7.e. 7 = 2 and
s = 2. We expect that

01(E X E/) = 2 (E/) + QCl(E),

CQ(E & E/) = Cl(E/)2 + 1 (E)2 + 3¢ (E)Cl (E/) + 2CQ(E/) + 202(E).

According to the splitting principle one can formally write E and E’ as direct
sum of line bundles

E=1,® Ly, E' =L} & L,

and express their Chern classes in terms of their Chern roots

Cl(E) = ay + ag, 02(E) = aiaz,
Cc1 (E/) = by + by, CQ(E/) = b1by.

In Exercise we have seen that

Ct(E®E/)
=[]+ (ai +b))t)
,J
= (1 + (a1 + bl)t) (1 + (a1 + bz)t) (1 + (OLQ + bl)t) (1 + ((IQ + bz)t)
= [L+t(2a1 + by + bo) + 2 (a% + aiby + arby + b1bs)]
[+t (2an + by + by) + 7 (a3 + asby + asby + bibs)].
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o In ¢ we get:
t(2a1 + b1 + bz + 2a2 + ba + b1) = t[2(a1 + az) + 2(b1 + ba)]
= c1(E®E') =2c1(E) + 2c1(E').
o In t? we get:

t*[a® + a1by + arby + b1y + a3 + agbe 4 agby + biby
+ (2a1 + b1 + b2)(2a2 + bz + b1)]
= t2[a? + a1 (by + ba) + 2b1by + a3 + az (b1 + bo)
+ 4aias + 2a1bs + 2a1b1 + 2a9b1 + b1by + b% + 2a9by + b% + b1b2]
= t?[a3 + a3 + b3 + b3 + 4b1by + 4aras + a1 (by + be) + az (b1 + be)
+ 2a1 (b1 + b2) + 2as(by + b2)]
= t2[a? + a3 4 b? + b3 + 4b1by + 4aras + (by + b2)(3a1 + 3as)]
= t?[(a1 + a2)* — 2ayag + (by + b2)? — 2b1by + 4b1by + 4ajaz
+ (b1 + b2)(3(a1 + a2))]
= t2[(a1 4 a2)® + (by + b2)? + 2a1as + 2b1by + (b1 + b2)(3(a1 + az))

= (EQE) =c1(E)? 4 c1(E")? +2c(E) + 2c2(E') + c1(E')(3c1(E))
= Cl(E)2 + (E/)2 -+ 301(E)01(E,) + QCQ(E) + 202(E/).

Remark 2.5.20. Since we are able to express each term of the Chern character
of a vector bundle in terms of its Chern classes (cf. Proposition , this
allows us to deduce formulas for the Chern classes of tensor products for any
degree by using the same approach as in Exercise where we did the
computations for the first 2 Chern classes. The interested reader may find
more details about this in [I1].

2.5.2 Todd Class
Definition 2.5.21 (Todd Class). Let

r

a(B) =[]0+ ait),

=1

where the a;’s are the Chern roots of E. Then we define the Todd class of
E by
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where

and the B;’s are the Bernoulli numbers.

Remark 2.5.22 (Bernoulli number). The Bernoulli numbers are given by the
following recursive definition:

i1 /in B
B; =- 22:0 (Ilc) i—k:,fi-l
By =1.

The first few Bernoulli numbers are:

By | By | By | B3| By | Bs | Bg | By | Bs | By | Bio

0| -] 0 L]0 |—-&]0]|2

L= 30 66

1
6

D=

In the way it is defined here, the numbers B; are known as the first Bernoulli
numbers. One can also use the convention that By := % The numbers B;
are then known as the second Bernoulli numbers. However, except for
this one difference, the first and second Bernoulli numbers agree.

This allows us to conclude that

1—e* 7
=0

.

Ll 1, 1 1 1
27 T 12" T 70"

J— 8 PR
30240° ~ 1200600° T

T

|
—

Remark 2.5.23. Again, as it was already the case for the Chern character, the
Todd class is a symmetric expression in the a;’s, so by applying the splitting
principle it can be expressed as a polynomial in the ¢;(E), with rational
coeflicients. Below, we will give the first five terms of this polynomial. The
computations are detailed in Exercise [2.5.25]

1 1 1
td(E) =1 + e + E(C% + )+ 216102
1

— —(c¢] —4c%cy —3¢3 — cre3 +eq) + -

where we set ¢; = ¢;(E), ¢; =01if i > r.
Again, from this interpretation one easily concludes that td(E) € H*(X,Z)®
Q.
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Exercise 2.5.24. Let us check the equality of the preceding Remark for
some vector bundle E of rank 2.

Therefore, imagine for example that E = L1 @ Lo, where L1 and Ly are two
line bundles on X.

In Example[2.5.6| we have already explained that ¢1(E) = a1+ag and c3(E) =
ail - ag.

By definition we have that

td(E)

_ ap a
T \l—ew) \1—e®
11 1 11 1
1 a2 — gty 1 a2 — gty
( a1+ 50t~ gt ) < g2 5%~ g0 >

ala%

1 1 1 1 1 1
=1+ 2(11 + 2a2+ﬁa1+ 12a2—|— 4a1a2—|—ﬁa1a2+ Y

Loy 1 L 1 .
- = 2a3
720 T 720 @ 144912

1 1
=1+ *(al +ag) + E(al + a3 + 3ajas) + ﬂ(a%ag + aya3)

72O(a1 + a2 5a%a§) 4+

Now, we already know that a; + ag = ¢1(FE). Moreover, we have that
a? 4 a2 + 3ajay = (a1 + a2)? + a1az = c1(E)? + c2(E),

a%ag + ala% = ajaz(a; + az) = c2(F)c1(E)

and

ai + a3 —5atas = (a1 +a9)* —4aday — 4ayad — 11a3a3
= (a1 +a2)* —4ajas(a? + a3) — 11(a1az)?
= 1 (E) —4cy(E)(c1(E)? — 2¢2(E)) — 11¢a(E)?
= c1(B)! —4ca(E)ei(E)? + 8ca(E)? — 11ca(E)?
= ¢1(E)* —4cy(E)ey(E)? — 3ca(E)>.
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This allows us to conclude that

1 1
td(E) =1+ §(a1 +az) + 12(a1 + a3 + 3a1a2) + ﬁ(a%az + ajal)
1
720(a1+a2 5a1a2)+"'
1 1 1
=14 =¢1(E)+ —(c1(E)? E E)es(E
+se(B) + (@B + e B)) + o (en(E)ea(E)
1
_-Eiij(61(l;) —4c1(E)’ea(E) = 3c2(E)?) +

i.e. we end up with the equality given in Remark [2.5.23]

Exercise 2.5.25. As we already did for the Chern character, let us check
the equality for the Todd class given in Remark for the general case,
and let us even try to compute the next term of it. Therefore, let E be an
arbitrary vector bundle of rank n and az, ..., a, be the corresponding Chern

roots, i.e.
1 = E g,
i

C2 = E a;aj,

i<j

C3 = E aiajak,

i<j<k

Cp — E Ajq Qg+ Qg -

1 <ig < - <ip

By definition, we have that

td(E)

n

Ll] —e %

=1

n

11 1 1

— 14+ —a 2__~ 4 64 ...,
Z,Hl<+2“’+12“ 720% * 30210 T )

Let us compute separately the different terms which depend on the degree
of the involved a;’s:

e Degree 0
1"M=1
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e Degree 1
1
5 ' ;| = 501
K
o Degree 2
1 1 5 1 1
42%% —1—52% = 102—1— 1222
1<) 7
1 1
e 162 + E (C% 202)
1 n 1 1
= —C —C —C
472127 6
1
= E@% + c2)
e Degree 3
- Z aia;jay + 24Za aj = 703—1——2@1% a; + aj)
z<]<k 1#£] 1<j
AT PN CEDY
= 863 o : ‘ala] C1 ' VCLM
i<j K]
1 1
gCg + 21 cico — 3 Z a;a;ag
1<j<k
RN S
T8 Ty
1
T 41
e Degree 4
Z azajakal+1442a aj _»_7 Za a;ar — 7202 al
z<]<k<l 1<J z;éj k
i<k
4+m2a aj —i—z;a ;a; k—ﬁOZL;

i<k
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From the computations of Exercise we already know that

22 2
g ajaj = ¢y — 2ci03 + 2¢4
1<j
and
E a?ajak = c1c3 — 4ey,

i,k
i<k

so that finally,

Z#J
<k
Lt (B 2eres +20) + = (105 — dey)
— —(c5 — cics — 4c
T 167 T 14 cres T e T glaes R
1
- ﬁo(cil — dciey + deres + 265 — dey)
1
720 (4504 + 502 — 10cic3 + 10cq + 15c1¢c3 — 60cy
— +4 ey — derez — 263 + dey)
1
=0 (—ci +4ciea + 3¢5+ cics — ca)
1
=~ (0411 —4ctcy — 363 — cre3 + 04)
e Degree 5
1 1
3 D waekatm — 7oe ) dlaj+ o Z ajaja
1<j<k<l<m 1#£j ]{?751,']
1<J
1 2
+ % Z a; a;apa
i#£g,k,l
j<k<l
_ 1 1 4,
T 329 T 1440 &% 288 D ajajar+ o Z a;ajan
1#£] k#i,j z;éj k,l
1<j ]<k<l

Again, from the computations of Exercise we already know that

E a?aj = c:{’cQ — 3610% + Scocy — 0%03 + c1ecq4 — Bes,
i#£]
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g a ak = coc3 — 3c1¢4 + Des

k#i,j
i<y

and
g a?ajakal = c1c4 — Des,

1#£35,k,1
j<k<l
so that finally,
55 0 + o O ot g >
- a; a a — a a;a
= 33% ~ 1339 2= 4% 288 k JARAL
i#£] k#i,j z;éj k,l

1<j g<k:<l

1
~ 1440 = (455 — cfes + 3e165 — Beacs + ey — crea + 5oy

+ 5cocg — 15¢icq + 25¢5 + 15c1cq4 — 7505)

1
= @(3016% — c:{’cQ + 0%03 —cic4)

Example 2.5.26. Let L; and Ly be two line bundles on X. Then using the
equality given in Remark [2.9.23] one concludes that

1 1 1
td(Lq) +261( 1)+ 1201( 1) 72001( 1)+

and

1 1 9 1
td(L2) =1+ Cl(LQ) + E c1(La)” — %Cl(Lg)

If we multiply both expressions we get that
td(L1) - td(La)

=1+ % (c1(L1) + er(L2)) + % (e1(L1)* + e (L2)°)

_ % (cr(L0)* + e (La)*) + ch(Ll)Cl(LQ)

+ i (c1(L1)2e1(L2) + e1(Lr)ei(Lo)?) + ﬁcl(Ll) c1(Lo)?,

which is nothing else than td(L; @& La) (cf. Exercise [2.5.24)).
One could also get this result directly from the definition:

td(Ly & Ly) = < ci(ln) > : < ci(l2) > = td(Ly) - td(Ls).

1 _ 6—01 (L1) 1 — 6—01 (L2)
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Theorem 2.5.27. The Todd class is multiplicative, this means that for any
two vector bundles E and E' on X we have that

td(E @ E') = td(E) - td(E).

Proof. Let E be a vector bundle of rank r and E’ be a vector bundle of rank
s. By the splitting principle we can formally write both vector bundles as a
direct sum of line bundles, i.e. E'= ®]_;L; and E' = @;_, L} so that

- H —e cl(L) H —(21

:td( ) - td(E).

O]

Remark 2.5.28. In Example we have seen that Chern classes do not
distinguish different extensions. This property is naturally inherited by the
Todd class as it is also defined by means of Chern classes. More precisely,
for a given short exact sequence 0 — E” — E — E’ — 0 of vector bundles

on X, we have that
td(E) = td(E") - td(E").

Effectively, we already know through axiom A2 that ¢(E) = ¢(E’)-c(E"). As
Chern classes do not distinguish different extensions we also have through
axiom A2 that ¢(E' @ E") = ¢(FE') - ¢(E") (We considered here the short
exact sequence 0 - E' — E' ® E” — E” — 0). Combining these two
equalities we get that ¢(E) = ¢(E' @ E"), i.e. ¢;(E) = ¢;(E' @ E"). This
allows us to conclude that td(E) = td(E’ & E"). However, through the
preceding Theorem we know that td(E’ @ E”) = td(E’) - td(E") so that
finally, td(E) = td(E") - td(E").

2.6 Applications to the n-dimensional complex pro-
jective space

2.6.1 The total Chern class of CP"

Definition 2.6.1. Let X be a complex manifold of dimension n. Consider
its tangent bundle T'X which is a complex vector bundle of rank n. We
define the total Chern class of X by

(X)) :=c(TX).
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Theorem 2.6.2. The total Chern class of CP™ is
c(CP™) = (1 4 z)"+

This has to be interpreted in the truncated polynomial ring (cf. Theorem
1.4.1
H*(CP") ~ Z[x]/(xm)

and allows us to conclude that
cx(CP") = < " Z ! ) z,

where x is the canonical generator of the cohomology group H*(CP",Z), i.e.
x = () where . is the tautological line bundle on CP™. (cf. section

Proof. (Based on Proposition 7.51. in [3].) We use the exact sequence
0. =>CP"xC""!' Q=0

of vector bundles on CP™ (cf. Section and Theorem for £ = C"*Y)
and the fact that the Chern classes of a trivial bundle vanish (cf. Remark

to deduce
o) Q) = 1.

From this it follows that

(1) Q=1 =T+t ta

Moreover, there is a canonical isomorphism
TCP" ~ Hom(.¥,Q) ~ Q ® ./*.

Using the splitting principle one can write formally Q = L1 & --- ® L, so
that
QRS 1S " ®--dL,®.S".
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Now, let a; = ¢1(L;) be the Chern roots of (). Then,
c¢(CP") = c¢(Q®.")

= H c(L; ® %)
i=1

= [[a+ai+a)

i=1

= [ +2)+a)

=1

= (1+az)" (Zaz> 14+ z)" 1+ Zala] (1+2)" 24
1<j

n

= Z ci(Q)(1 + x)"" according to Example
=0

= Z 2'(14 2)"" follows from equality (1)

i=0
P
= (I+2)"™ — 2" we used a?™! — P! = (a — ) Zap*ib"
i=0
= (14a2)"*

O]

Remark 2.6.3. Notice that TCP" is a vector bundle of rank n, i.e. according
to Remark we have that ¢;(CP™) = 0, Vi > n. Hence, in the expression
c(CP™) = (1 + x)"*! we have to keep in mind that z"! = 0.

2.6.2 The Chern character and Todd class of CP"

Definition 2.6.4. Let X be a complex manifold of dimension n. Consider
its tangent bundle T'X which is a complex vector bundle of rank n. We
define the Chern character of X by

ch(X) := ch(TX),
and analogously we define the Todd class of X by

td(X) == td(TX).
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Example 2.6.5. Let us try to compute the Chern character of CP™ for
n =1,2,3,4. Recall that by Remark

1 1
ch(CP")=n +¢1 + 3 (C% — 202) + 6 (c:{’ — 3c1e9 + 303)
1
+ ﬂ (6411 — 46%02 + 4cie3 + 203 — 4.64) + .-

and also that by Theorem [2.6.2]
e (CP™) = < e )xk

=1
We have that c1(CP') = 2. Hence,

3

ch(CPY) =14 ¢
=14 2x.

[\)

We have that ¢1(CP?) = 3z and cp(CP?) = 322, Hence,

3

1
ch(CP?) =2+¢; + 5(c% — 2¢))
1
=243z + 5(9:(:2 — 62%)
3 2
=2+3x+ 2%

=3
We have that ¢; (CP3) = 4z, c2(CP?) = 622 and c3(CP?) = 423. Hence,

3

1 1
ch(CP3) =3 +¢; + 5(6% —2c9) + 6(0? — 3c1e2 + 3¢3)
1 1
=3+ 4z + 5(169;2 —1222) + 6(64:53 — 7223 +1223)

2
:3—|—4x+2m2+§$3.
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en=414
We have that ¢;(CP*) = 5z, c2(CP?) = 1022, c3(CP*) = 10z% and
c4(CP*) = 52* . Hence,

1 1
ch(CPY) =4 +¢ + 5(6% —2c2) + é(c‘rf —3cic2 + 3¢3)
1
24

1 1
=4+5z+ 5(25952 — 202%) + 6(125””3 — 1502° + 302°)

+ —(ci — 4ciea + deies + 2¢5 — dey)

1
+ ﬂ(625gc4 — 1000z + 2002 + 2002* — 202%)

5 5 5
.y 2,242,383, 2 4
= —|—5x+2x —|—6x —1—24;1:

Example 2.6.6. Let us try to compute the Todd class of CP" for n =
1,2,3,4. Recall that

1 1 1
td(CP™) =1 + 51 + E(C% +c2) + aacie
1

- %(CiL — 4ctcy — 3c2 —cre3 +eq) + -

and also that
cr(CP™) = < ”'k” ):U’f

=1
We have that ¢;(CP!) = 2x. Hence,

3

1
td(CP') =1+ 51

=1+

=2
We have that ¢1(CP?) = 3z and co(CP?) = 322, Hence,

3

1 1
td(CP?) =1+ ¢ + E(C% + ¢2)

31
=140+ E(9:752 + 32%)

3
:1+§x+x2.
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=3
We have that ¢; (CP3) = 4z, c2(CP?) = 622 and c3(CP?) = 423. Hence,

3

1 1 1
td(CP3) =1 + 1 + E(C% +co) + 226162
1

1
=1+42x+ 5(16332 + 62%) + 24(4:10 -62?)

11
:1+2x—|—€1‘2+x3.

en=1414
We have that c¢;(CP*) = 5z, c2(CP*) = 1022, c3(CP*) = 1023 and
c4(CP*) = 52% . Hence,

1 1 1
td(CP*) =1+ el + E(C% +c2) + 226102

1
- %(C% —4cicy — 3¢5 — crez + ca)

142y i(25x2 + 102%) + i(Emc 102?)

B 27 12 24

1
- %(625904 — 1000z — 3002 — 502" 4 52)
35 ,

5 25
—142 09 49 3 4
+2:C+12:U +12x +x

It turns out that there exists an explicit formula giving the Todd class
for an arbitrary projective space of dimension n. This is exactly the content
of the next Theorem:

Theorem 2.6.7. The Todd class of CP" s

n+1
ween = (=)

where x is the canonical generator of the cohomology group H*(CP",7), i.e.
x = c1(S*) where S is the tautological line bundle on CP™. (cf. section

Proof. We will work here with the short exact sequence we have already used
for the proof of Theorem namely

0—>Y =11 —Q—0,
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where I,11 = I & --- @ I denotes the trivial bundle on CP". Tensorise this
————

n+1
short exact sequence from the right by .#* in order to get

0— 707 = (@) 0.7 - Qw7 =0,
N—— —_—
:] :@;L+1__y*

which is exact, since tensorising by vector bundles does not affect the ex-
actness of a given short exact sequence. Recall that there is a canonical
isomorphism

TCP" ~ Hom(.Y,Q) ~ Q ® ./,

so that we finally get the following short exact sequence:
0— I — @ Ocpn(1) = TCP™ — 0.
According to Remark we get that
td (@77 Ogpn (1)) = td(I) - td(CP™).

However, as ¢;(I) = 1 we have that td(/) = 1 and moreover we know that
the Todd class is multiplicative (Theorem [2.5.27]) so that

td(CP") = td (O¢pn (1)) 1.

Finally, we know that ¢; (Ogpn (1)) = 1 + x - t which allows us to conclude

that
T n+1
¢d(CP") — ( ) |

1—e*

O]

Example 2.6.8. Let us try to recover the results from Example by
applying the formula of the preceding Theorem. We have that

. n+1 1 L, 1, ntl
— (1 Zpr — g2 )
(1—e—w> ( TR Tt )

In what follows it is important to keep in mind that 2! = 0. (cf. Remark
2.6.3)
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e n—=1
2 2
x 1
=(1+4-
(i) =(1r3)
=14z
o n=2
3 3
T 1 1 5
=(1+= —
<1—e_”3> <+2x+12x>
— (14 (ter L 2 1+ -z + —a°
- 27 T 12" 27 T 12"
5 4 1 1,
=(1 = 1+ 2 il
(+x+12x> <+2x+12x>
1 1 1 5
— 14 L2 12, 2 2
+2x+12x —I—x+2:c +12x
3
=1+= 2,
+2:c+:c
e n=23
4
X
(i)
(1l L *
- 27 T 12"
5 2 1 32
=1 - —
( MERETY +12x>
5 1 5 5 5 1
-1 2 9 1 3 2, 2 3,92 9 9 3 1 3
+:c+12x +1295 +x+x +12x +12$ —|-12:E +12x

11
:1—1—2:1:4—?:1:2—1-3:3.
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2
1+ - L)’ (1 ter ez Lo
x 12”3 720" 2" T 19" T 0"
2
1+ o(14 ] 1214+12142
x 27 )\ 127 T 720" 127 T 70"
(1 ter Lepo Lo
27 T 12" T 720"

(1t iy L 1+1+142
T T T 360" T 12 144"

1 1 1
<1+ ﬂf+ﬂf2—7204)

_1++52+1+142 PR S R
- TR T v 27 T 12" T 70"

Il
/—\

We have:

LI L S 1)’
T Tt Taog”

ISP I SN S B S SUUPRI: SIS BN .
v 12‘76 12‘7” 24095 v +2” 12”6 1237 1295
5 2% , 1 1 1,

S L I L)
- T 720"

so that

(=)

11 251 1 1 1
:<1+2x+x2+x3+x4> <1+ T T — 4)

6 720 27 112 720
S I e LIS R e N S L L
27 12 720 6 6 12
11 L4 251
+72x + 23 +2x +720
S De g 02y Bng

2 12 12

which agrees with the results we obtained in Example [2.6.6]






Appendix A

Category Theory

Definition A.1 (Category). A category C consists of a set Ob(C) (or
simply C) of objects, and, for any two objects A, B € C, of a set Hom¢ (A, B)
(or simply Hom(A, B)) of morphisms f : A — B from A to B. Moreover,
for any objects A, B,C' € C, there exists a composition map

o:Hom(A, B) x Hom(B,C) > (f,g) = go f € Hom(A, C).

This operation is required to be associative and to have identities, ¢.e. for
each object A € C there exists an identity morphism 14 € Hom(A, A) such
that if f € Hom(A, B) and g € Hom(C, A), we have foly = fand 1qog =g
(this entails that the identities are actually unique).

The opposite category C° of C is the category defined by the same
objects Ob(CP) = Ob(C) and by the “reversed morphisms” Homgor (A4, B) :=
Home (B, A). Moreover, for any objects A, B,C € Ob(C?) = Ob(C), the
composition map is then given by

o: Home(B, A) x Home(C, B) 3 (f,9) — fog € Home(C, A).
Again this operation is required to be associative and to have identities.

Remark A.2. It is important to keep in mind that a morphism between 2
objects need not necessary be a function as we are used to when working
for instance in the context of groups where the objects are actually sets.
The best way to look at a morphism between objects of a category which
are hence not necessary sets is to characterize it as a simple arrow linking 2
objects of the considered category. Throughout this appendix, we consider
that the words arrow, map and morphism are synonyms of each other.

Definition A.3 (Additive Category). A category C is additive if it
satisfies the following conditions:

(i) for any A, B € C, Hom(A, B) € Ab,

85
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(ii) the composition law o is bilinear,

)
(iii) there exists a zero object in C,
(iv) the category C admits finite coproducts,
(v) the category C admits finite products.

Remark A.4. Condition (i) of the preceding definition tells us that for any
objects A, B € C the set of morphisms forms an abelian group, i.e. we can
build sums and differences of morphisms. (This only holds for the set of
morphisms not for the objects themselves.)

Condition (i7) yields that Vf, g, h € Hom(A, B) we have:

(f+g)oh=foh+goh,

folg+h)=fog+foh

Note that Hom(A, B) # () since it is a group and for all A € C, Hom(A,0) =
Hom(0, A) = 0. (The morphism 0 should not be confused with the object
0.)

Notation A.5. If A and B are two objects of C, one denotes by A® B their
coproduct, and calls it their direct sum. One denotes as usual by A x B their
product.

Example A.6.
1. If R is a ring, Mod(R) is an additive category.

2. Ban, the category of C-Banach spaces and linear continuous maps is
additive.

3. If C is an additive category, then C° is also additive and vice versa.
4. If C and C’ are additive, then C x C’ is also additive.

In what follows we will define a third kind of categories called abelian
categories. Consider therefore an additive category C which admits kernels
and cokernels. Let f: A — B be a morphism in C. One defines:

Coim f := Coker h, where h : Ker f — X
Im f := Ker k, where k: Y — Coker f.

Consider the following diagram:

Ker f h X
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Since f o h =0, f factors uniquely through f, and ko f factors through
ko f Since ko f = ko fo s = 0 and s is an epimorphism, we get that
ko f = 0. Hence, f factors through Ker k = Im f. We have thus constructed
a canonical morphism:

Coim f % Im f.
We are now ready to give the explicit definition of an abelian category:

Definition A.7 (Abelian Category). Let C be an additive category. One
says that C is abelian if:

(i) any f € Hom(A, B) admits a kernel and a cokernel,

(ii) Vf € Hom(A, B), the natural morphism Coim f — Im f is an isomor-
phism.

Remark A.8. Abelian categories are the most general framework in which we
are able to define exact sequences. In fact, since exact sequences are defined
by means of kernels and cokernels, if we want to define this notion in the
setting of categories we trivially need the existence of kernels and cokernels
(condition ()).

Moreover, the image of a morphism f € Hom¢ (A, B) can be defined by taking
the kernel of the cokernel. To exemplify this fact, take a category where the
objects are sets. In this context the cokernel of a morphism f € Hom(A, B)
is given by Coker f := Y/Im f. Hence, it is clear that Ker(Coker f) = Im
I

Finally, at first sight condition (ii) appears not familiar at all. However,
it encrypts a well-known result of Algebra and lifts it to the more general
setting of abelian categories. As before consider a category where the objects
are sets. Then, Coim f := Coker h = X/Ker f (look at the map h as the
inclusion map) and Im f := Ker k = Im f (since Coker f = Y/Im f). Hence,
we recover the fundamental isomorphism Theorem

X/Ker f ~1Im f.

As a conclusion one can say that we just extend well-known results which
appeared in the concrete case to the more abstract setting of categories.

Example A.9.
1. If Ris a ring, Mod(R) is an abelian category.
2. If C is abelian, then C° is abelian.

Remark A.10. Notice that an exact sequence (cf. Definition [1.1.5) is defined
by means of kernels. Hence, it only makes sense in the context of an abelian
category.
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Definition A.11 (Functor). Let C and C’ be two categories. A functor
F :C — ('’ is made up by a map
F:0b(C) > A F(A) € Ob(C')
and, for any A, B € Ob(C), by a map
F :Hom¢(A,B) > f+— F(f) € Home/ (F(A), F(B)).

In addition, these assignments have to respect the categorical structure, i.e.
the composition and the identities. More precisely, we ask that F(go f) =
F(g) o F(f) and that F'(14) = 15(4), for all composable f and g and for all
A.

Definition A.12 (Contravariant functor). Let C and C’ be two cate-
gories. A contravariant functor F : C — C’ is made up by a map

F:0b(C)> A F(A) € Ob(C)
and, for any A, B € Ob(C), by a map
F :Hom¢(A,B) > f+— F(f) € Home/ (F(B), F(A)).

In addition, these assignments have to respect the categorical structure, i.e.
the composition and the identities. More precisely, we ask that F(go f) =
F(f)o F(g) and that F'(14) = 15(4), for all composable f and g and for all
A.

Remark A.13.

e Ordinary functors as in Definition[A.TT]are also called covariant func-
tors, in order to distinguish them from contravariant ones.

e A contravariant functor from C to C’ could also be described as a co-
variant functor going from C to C’°P.

Example A.14 (Hom functor). The hom-sets, i.e. sets of morphisms be-
tween objects give rise to important functors to the category of sets. These
functors are called hom-functors and have numerous applications in cate-
gory theory and other branches of mathematics.

For all objects A, B € C we define these functors as follows:

1. Hom(A, —) : C — Set; this is a covariant functor given by

(a) Hom(A,—) maps each object X in C to the set of morphisms,
Hom¢ (A, X).
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(b) Hom(A, —) maps each morphism f : X — Y to the function
Hom(A, —)(f) : Hom¢(A, X) — Home(A,Y)

given by
g fog Vge&Home(A,X).

2. Hom(—, B) : C — Set; this is a contravariant functor given by

(a) Hom(—, B) maps each object X in C to the set of morphisms,
Home (X, B).

(b) Hom(—, B) maps each morphism h: X — Y to the function
Hom(—, B)(h) : Hom¢(Y, B) — Home (X, B)

given by
g goh Vge& Home(Y,B).

Definition A.15 (Exact Functor). An exact functor is a functor that
preserves exact sequences. More precisely, let F' : C — C’ be a functor and
let

0—>A—-B—->C—0

be a short exact sequence of objects in the category C. We say that F is
exact if 0 — F(A) — F(B) — F(C) — 0 is exact.

One does also distinguish left exact functors from right exact functors. In
the same context one says that F is left exact if 0 — F'(A) — F(B) — F(C)
is exact and F is right exact if F(A) — F(B) — F(C) — 0 is exact. (Have
a look at for the definition of an exact sequence.)

Definition A.16. The Hom-functors are both examples of left exact func-
tors. (cf. Proposition 1.6.8 and Corollary 1.6.9 in [17].)
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